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Abstract
This paper continues the project of constructing the character formulae for the pos-
itive energy unitary irreducible representations of the N -extended D = 4 conformal
superalgebras su(2, 2/N). In the first paper we gave the bare characters which repre-
sent the defining odd entries of the characters. Now we give the full explicit character
formulae for N = 1 and for several important examples for N = 2 and N = 4.
1. Introduction
Recently, superconformal field theories in various dimensions are attracting more inter-
est, in particular, due to their duality to AdS supergravities. Mostly studied are those
for D ≤ 6 since in these cases the relevant superconformal algebras satisfy [1] the
Haag-Lopuszanski-Sohnius theorem [2]. This makes the classification of the UIRs of these
superalgebras very important. In the 1980s such classification was done for the D = 4 su-
perconformal algebra su(2, 2/1) [3] and then for the extended superconformal algebras
su(2, 2/N) [4] (for arbitrary N). Then in the 1990s the classification for D = 3 (for even
1
N), D = 5, and D = 6 (for N = 1, 2) was given in [5] (some results being conjectural).
Later, the D = 6 case (for arbitrary N) was finalized in [6]. Then in [7] the classification
was done for osp(1|2n,R), which is relevant for D = 9, 10, 11.
Once we know the UIRs of a (super-)algebra the next question is to find their charac-
ters, since these give the spectrum which is important for the applications, especially, in
super-Yang-Mills theories, super conformal theories, higher spin symmetries, spin chains,
superconformal QCD, etc. cf. e.g., [8,9,10,11,12,13,14]. Some results on the spectrum of
su(2, 2/N) were given in the early papers [15,16,4] but it is necessary to have systematic
results for which the character formulae are needed. From the mathematical point of view
this question is clear only for representations with conformal dimension above the unitarity
threshold viewed as irreps of the corresponding complex superalgebra sl(4/N). But for
su(2, 2/N) even the UIRs above the unitarity threshold are truncated for small values of
spin and isospin. This question was addressed in [17] for the UIRs of D = 4 conformal
superalgebras su(2, 2/N). There the general theory for the characters of su(2, 2/N) was
developed in great detail. For the general theory we used the odd reflections introduced in
[18] (see also [19]). In [17] we also pin-pointed the difference between character formulae
for sl(4, N) and su(2, 2/N) since for the latter we needed to introduce and use the notion
of counter-terms.1
The general formulae given in [17] are for the so-called bare characters (or superfield
decompositions) and are valid for arbitrary N . However, the even entries are not given
explicitly.
Thus, the present paper is a follow-up of [17]. The idea is to give the complete explicit
character formulae including the even parts of the characters.
We need detailed knowledge about the structure of the UIRs from the representation-
theoretical point of view which is contained in [4,18,22,23]. Following these papers in
Section 2 we recall the basic ingredients of the representation theory of the D=4 super-
conformal algebras. In Section 3 we recall the necessary ingredients of character theory,
including the character formulae of su(2, 2) and su(N), for which we give explicitly all
formulae that we need. In section 4 we give the explicit complete character formulae for
N = 1 and for a number of important examples for N = 2, 4.
2. Representations of D=4 conformal supersymmetry
2.1. The setting
The superconformal algebras in D = 4 are G = su(2, 2/N). The even subalgebra of
G is the algebra G0 = su(2, 2) ⊕ u(1) ⊕ su(N). We label their physically relevant
representations of G by the signature:
χ = [ d ; j1 , j2 ; z ; r1 , . . . , rN−1 ] (2.1)
1 For an alternative approach to character formulae see [20,21].
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where d is the conformal weight, j1, j2 are non-negative (half-)integers which are
Dynkin labels of the finite-dimensional irreps of the D = 4 Lorentz subalgebra so(3, 1) of
dimension (2j1 + 1)(2j2 + 1), z represents the u(1) subalgebra which is central for
G0 (and for N = 4 is central for G itself), and r1, . . . , rN−1 are non-negative integers
which are Dynkin labels of the finite-dimensional irreps of the internal (or R) symmetry
algebra su(N).
We recall that the approach toD = 4 conformal supersymmetry developed in [4,18,22,23]
involves two related constructions - on function spaces and as Verma modules. The first
realization employs the explicit construction of representations of G (and of the corre-
sponding supergroup G = SU(2, 2/N)) induced from parabolic subalgebras (subgroups)
in spaces of functions (superfields) over superspace which are called elementary representa-
tions (ER), cf. [18]. The UIRs of G are realized as irreducible components of ERs, and then
they coincide with the usually used superfields in indexless notation. This construction
is canonical, yet we should mention that some of the resulting superspaces were obtained
in the papers [24],[25],[26],[27],[28], using the notions of ’harmonic superspace analyticity’
and ’Grassmann analyticity’. The relation between the latter approach and ours were
commented on in [4],[18],[17].
The Verma module realization is also very useful as it provides simpler and more intuitive
picture for the relation between reducible ERs, for the construction of the irreps, in par-
ticular, of the UIRs. Here we shall actually use the second - Verma module - construction,
though we shall mention occasionally the superfield approach.
2.2. Verma modules
To introduce Verma modules one needs the standard triangular decomposition:
GCI = G+ ⊕H⊕ G− (2.2)
where GCI = sl(4/N) is the complexification of G, G+, G−, resp., are the subalgebras
corresponding to the positive, negative, roots of GCI , resp., and H denotes the Cartan
subalgebra of GCI .
We consider lowest weight Verma modules, so that V Λ ∼= U(G+)⊗v0 , where U(G
+) is
the universal enveloping algebra of G+, Λ ∈ H∗ is the lowest weight, and v0 is the lowest
weight vector v0 such that:
X v0 = 0 , X ∈ G
− ,
H v0 = Λ(H) v0 , H ∈ H .
(2.3)
Further, for simplicity we omit the sign ⊗ , i.e., we write P v0 ∈ V
Λ with P ∈ U(G+).
The lowest weight Λ is characterized by its values on the Cartan subalgebra H, or,
equivalently, by its products with the simple roots (given explicitly below). In general,
these would be N + 3 complex numbers, however, in order to be useful for the represen-
tations of the real form G these values would be restricted to be real and furthermore
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to correspond to the signatures χ , and we shall write Λ = Λ(χ), or χ = χ(Λ). Note,
however, that there are Verma modules to which correspond no ERs, cf. [18] and below.
If a Verma module V Λ is irreducible then it gives the lowest weight irrep LΛ with
the same weight. If a Verma module V Λ is reducible then it contains a maximal invari-
ant submodule IΛ and the lowest weight irrep LΛ with the same weight is given by
factorization: LΛ = V
Λ / IΛ [29],[30],[31].
Thus, we need first to know which Verma modules are reducible. The reducibility
conditions for highest weight Verma modules over basic classical Lie superalgebra were
given by Kac [31]. Translating his conditions to lowest weight Verma modules we have
[18]: A lowest weight Verma module V Λ is reducible only if at least one of the following
conditions is true:2
(ρ− Λ, β) = m(β, β)/2 , β ∈ ∆+ , (β, β) 6= 0 , m ∈ IN , (2.4a)
(ρ− Λ, β) = 0 , β ∈ ∆+ , (β, β) = 0 , (2.4b)
where ∆+ is the positive root system of GCI , ρ ∈ H∗ is the very important in represen-
tation theory element given by ρ = ρ0¯ − ρ1¯ , where ρ0¯ , ρ1¯ are the half-sums of the even,
odd, resp., positive roots, (·, ·) is the standard bilinear product in H∗.
If a condition from (2.4a) is fulfilled then V Λ contains a submodule which is a Verma
module V Λ
′
with shifted weight given by the pair m, β : Λ′ = Λ+mβ. The embedding
of V Λ
′
in V Λ is provided by mapping the lowest weight vector v′0 of V
Λ′ to the
singular vector vm,βs in V
Λ which is completely determined by the conditions:
X vm,βs = 0 , X ∈ G
− ,
H vm,βs = Λ
′(H) v0 , H ∈ H , Λ
′ = Λ +mβ .
(2.5)
Explicitly, vm,βs is given by an even polynomial in the positive root generators:
vm,βs = P
m,β v0 , P
m,β ∈ U(G+) . (2.6)
Thus, the submodule of V Λ which is isomorphic to V Λ
′
is given by U(G+)Pm,β v0 .
[More on the even case following the same approach may be seen in, e.g., [32],[33].]
If a condition from (2.4b) is fulfilled then V Λ contains a submodule Iβ obtained from
the Verma module V Λ
′
with shifted weight Λ′ = Λ + β as follows. In this situation
V Λ contains a singular vector
X vβs = 0 , X ∈ G
− ,
H vβs = Λ
′(H) v0 , H ∈ H , Λ
′ = Λ+ β
(2.7)
2 Many statements below are true for any basic classical Lie superalgebra, and would require
changes only for the superalgebras osp(1/2N).
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Explicitly, vβs is given by an odd polynomial in the positive root generators:
vβs = P
β v0 , P
β ∈ U(G+) . (2.8)
Then we have:
Iβ = U(G+)P β v0 (2.9)
which is smaller than V Λ
′
= U(G+) v′0 since this polynomial is Grassmannian:(
P β
)2
= 0 . (2.10)
To describe this situation we say that V Λ
′
is oddly embedded in V Λ.
Note, however, that the above formulae describe also more general situations when the
difference Λ′ − Λ = β is not a root, as used in [18], and below.
The weight shifts Λ′ = Λ+ β, when β is an odd root are called odd reflections in
[18], (see also [19]). We recall from [18] the definition of the odd reflection sα , α ∈ ∆1¯ ,
acting on γ ∈ ∆1¯ :
sα · γ = γ − (γ, α
∨)α , (α, α) 6= 0 , (2.11)
sα · γ = γ − (−1)
p(γ)(γ, α)α , (α, α) = 0 , α 6= γ ,
sα · α = −α , (α, α) = 0 ,
where (·, ·) is the standard bilinear product in H∗, p(γ) is the parity of γ :
p(γ) =
{
0 if γ ∈ ∆0¯
1 if γ ∈ ∆1¯
(2.12)
Further, to be more explicit we need to recall the root system of GCI - for definiteness -
as used in [18]. The positive root system ∆+ is comprised from αij , 1 ≤ i < j ≤ 4+N ,
the even positive root system ∆+
0¯
is comprised from αij , with i, j ≤ 4 and i, j ≥ 5; the
odd positive root system ∆+
1¯
is comprised from αij , with i ≤ 4, j ≥ 5. The even system is
actually the root system of sl(4)⊗sl(N) with simple roots {α1, α2, α3}, {α5, . . . , α3+N},
resp., where αj ≡ αj,j+1 . The simple roots of the superalgebra are chosen as in (2.4) of
[18]:
γ1 = α12 , γ2 = α34 , γ3 = α25 , γ4 = α4,4+N , γk = αk,k+1 , 5 ≤ k ≤ 3 +N (2.13)
Thus, the Dynkin diagram is:
©
1
−−−
⊗
3
−−−©
5
−−− · · · −−− ©
3+N
−−−
⊗
4
−−−©
2
(2.14)
This is a non-distinguished simple root system with two odd simple roots (for the various
root systems of the basic classical superalgebras we refer to [34]).
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We choose this diagram since it has a mirror symmetry (conjugation):
γ1 ←→ γ2 , (2.15a)
γ3 ←→ γ4 , (2.15b)
γj ←→ γN+8−j , j ≥ 5 , (2.15c)
and furthermore it is consistent with the mirror symmetry of the sl(4) and sl(N) root
systems by identifying: γ1 7→ α1 , γ2 7→ α3 , and γj 7→ αj , j ≥ 5, resp.
The reducibility conditions w.r.t. to the positive roots coming from sl(4)(su(2, 2)) com-
ing from (2.4) (denoting m→ nj for β → αj) are:
n1 = 1 + 2j1 (2.16a)
n2 = 1− d− j1 − j2 (2.16b)
n3 = 1 + 2j2 (2.16c)
n12 = 2− d+ j1 − j2 = n1 + n2 (2.16d)
n23 = 2− d− j1 + j2 = n2 + n3 (2.16e)
n13 = 3− d+ j1 + j2 = n1 + n2 + n3 (2.16f)
Thus, reducibility conditions (2.16a, c) are fulfilled automatically for Λ(χ) with χ from
(2.1) since we always have: n1, n3 ∈ IN . There are no such conditions for the ERs since
they are induced from the finite-dimensional irreps of the Lorentz subalgebra (parametrized
by j1, j2 .) However, to these two conditions correspond differential operators of order
1 + 2j1 and 1 + 2j2 (as we mentioned above) and these annihilate all functions of the
ERs with signature χ.
The reducibility conditions w.r.t. to the positive roots coming from sl(N)(su(N)) are
all fulfilled for Λ(χ) with χ from (2.1). In particular, for the simple roots from those
condition (2.4) is fulfilled with β → γj , m = 1 + rN+4−j . for every j = 5, 6, . . . , N + 3.
There are no such conditions for the ERs since they are induced from the finite-dimensional
UIRs of su(N). However, to these N−1 conditions correspond N−1 differential operators
of orders 1 + rk (as we mentioned) and the functions of our ERs are annihilated by all
these operators [18].3
For future use we note also the following decompositions:
Λ =
N+3∑
j=1
λj αj,j+1 = Λ
s + Λz + Λu (2.17a)
Λs ≡
3∑
j=1
λj αj,j+1 , Λ
z ≡ λ4 α45 , Λ
u ≡
N+3∑
j=5
λj αj,j+1 (2.17b)
3 Note that there are actually as many operators as positive roots of sl(N) but all are expressed
in terms of the N − 1 above corresponding to the simple roots [18].
6
which actually employ the distinguished root system with one odd root α45 .
The reducibility conditions for the 4N odd positive roots of G are [4],[18]:
d = d1Nk − zδN4 (2.18a.k)
d1Nk ≡ 4− 2k + 2j2 + z + 2mk − 2m/N
d = d2Nk − zδN4 (2.18b.k)
d2Nk ≡ 2− 2k − 2j2 + z + 2mk − 2m/N
d = d3Nk + zδN4 (2.18c.k)
d3Nk ≡ 2 + 2k − 2N + 2j1 − z − 2mk + 2m/N
d = d4Nk + zδN4 (2.18d.k)
d4Nk ≡ 2k − 2N − 2j1 − z − 2mk + 2m/N
where in all four cases of (2.18) k = 1, . . . , N , mN ≡ 0, and
mk ≡
N−1∑
i=k
ri , m ≡
N−1∑
k=1
mk =
N−1∑
k=1
krk (2.19)
mk is the number of cells of the k-th row of the standard Young tableau, m is the total
number of cells. Condition (2.18a.k) corresponds to the root α3,N+5−k , (2.18b.k) cor-
responds to the root α4,N+5−k , (2.18c.k) corresponds to the root α1,N+5−k , (2.18d.k)
corresponds to the root α2,N+5−k .
Note that for a fixed module and fixed i = 1, 2, 3, 4 only one of the odd N conditions
involving diNk may be satisfied. Thus, no more than four (two, for N = 1) of the
conditions (2.18) may hold for a given Verma module.
Remark: Note that for n2 ∈ IN (cf. (2.16)) the corresponding irreps of su(2,2) are
finite-dimensional (the necessary and sufficient condition for this is: n1, n2, n3 ∈ IN). Then the
irreducible LWM LΛ of su(2,2/N) are also finite-dimensional (and non-unitary) independently
on whether the corresponding Verma module VΛ is reducible w.r.t. any odd root. If VΛ is
not reducible w.r.t. any odd root, then these finite-dimensional irreps are called ’typical’ [31],
otherwise, the irreps are called ’atypical’ [31]. In our considerations n2 /∈ IN in all cases, except
the trivial 1-dimensional UIR (for which n2 = 1, cf. below). ♦
We shall consider quotients of Verma modules factoring out the even submodules for
which the reducibility conditions are always fulfilled. Before this we recall the root vectors
following [18]. The positive (negative) root vectors corresponding to αij , (−αij), are
denoted by X+ij , (X
−
ij ). The simple root vectors X
+
i follow the notation of the simple
roots: X+j ≡ X
+
j,j+1 .
The mentioned submodules are generated by the singular vectors related to the even
simple roots α1, α3, α5, . . . , αN+3 [18]:
v1s = (X
+
1 )
1+2j1 v0 , (2.20a)
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v3s = (X
+
3 )
1+2j2 v0 , (2.20b)
vjs = (X
+
j )
1+rN+4−j v0 , j = 5, . . . , N + 3 (2.20c)
(for N = 1 (2.20c) being empty). The corresponding submodules are IΛk = U(G
+) vks ,
and the invariant submodule to be factored out is:
IΛc =
⋃
k
IΛk (2.21)
Thus, instead of V Λ we shall consider the factor-modules:
V˜ Λ = V Λ / IΛc (2.22)
which are closer to the structure of the ERs.4 In the factorized modules the singular
vectors (2.20) become null conditions, i.e., denoting by |˜Λ〉 the lowest weight vector of
V˜ Λ, we have:
(X+1 )
1+2j1 |˜Λ〉 = 0 , (2.23a)
(X+3 )
1+2j2 |˜Λ〉 = 0 , (2.23b)
(X+j )
1+rN+4−j |˜Λ〉 = 0 , j = 5, . . . , N + 3 (2.23c)
2.3. Singular vectors and invariant submodules at the unitary reduction points
We first recall the result of [4] (cf. part (i) of the Theorem there) that the following is the
complete list of lowest weight (positive energy) UIRs of su(2, 2/N) :
d ≥ dmax = max(d
1
N1, d
3
NN ) , (2.24a)
d = d4NN ≥ d
1
N1 , j1 = 0 , (2.24b)
d = d2N1 ≥ d
3
NN , j2 = 0 , (2.24c)
d = d2N1 = d
4
NN , j1 = j2 = 0 , (2.24d)
where dmax is the threshold of the continuous unitary spectrum.
Note that in case (d) we have d = m1, z = 2m/N −m1 , and that it is trivial for N = 1
since then the internal symmetry algebra su(N) is trivial and by definition m1 = m = 0
(the resulting irrep is 1-dimensional with d = z = j1 = j2 = 0). The UIRs for N=1 were
first given in [3].
Next we note that if d > dmax the factorized Verma modules are irreducible and
coincide with the UIRs LΛ . These UIRs are called long in the modern literature, cf., e.g.,
[36],[37],[27],[28],[38],[39],[40],[41]. Analogously, we shall use for the cases when d = dmax ,
4 For explicit expressions for the sl(n) singular vectors we refer to [35].
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i.e., (2.24a), the terminology of semi-short UIRs, introduced in [36],[37],[28], while the
cases (2.24b, c, d) are also called short UIRs, cf., e.g., [37],[27],[28],[38],[39],[40],[41].
Next consider in more detail the UIRs at the four distinguished reduction points deter-
mining the list above:
d1N1 = 2 + 2j2 + z + 2m1 − 2m/N ,
d2N1 = z + 2m1 − 2m/N , (j2 = 0) ,
d3NN = 2 + 2j1 − z + 2m/N ,
d4NN = −z + 2m/N , (j1 = 0) .
(2.25)
The singular vectors corresponding to these points were given in [18], (8.9a), (8.7b),
(8.8a), (8.7a). From the expressions of the singular vectors follow, using (2.9), the explicit
formulae for the corresponding invariant submodules Iβ of the modules V˜ Λ :
I1 = U(G+)
(
2j2X
+
3,4+N −X
+
4 X
+
2
)
|˜Λ〉, d = d1N1 , j2 > 0 (2.26a)
I2 = U(G+)X+4 |˜Λ〉 , d = d
2
N1 , (2.26b)
I3 = U(G+)
(
2j1X
+
15 −X
+
3 X
+
1
)
|˜Λ〉 , d = d3NN , j1 > 0 (2.26c)
I4 = U(G+)X+3 |˜Λ〉 , d = d
4
NN , (2.26d)
I12 = U(G+) v˜12 = X+4 X
+
2 X
+
4 |˜Λ〉 , d = d
1
N1 , j2 = 0 , (2.26e)
I34 = U(G+) v˜34 = X+3 X
+
1 X
+
3 |˜Λ〉 , d = d
3
NN , j1 = 0 . (2.26f)
In the cases (2.26a− d) to the singular vectors in the ER picture there correspond first-
order super-differential operators given explicitly in formulae (7) of [4]. The invariant
submodules are the kernels of these super-differential operators.
Note that there is a subtlety for d1N1, d
3
NN , when j2 = 0, j1 = 0, resp., since in these cases
the invariant submodules in (2.26a), (2.26c), resp., trivialize (as X+2 |˜Λ〉 = 0, X
+
1 |˜Λ〉 = 0,
resp.). The embeddings which replace them are given in (2.26e, f) and they arise from
singular vectors v˜12, v˜34, which correspond to β = α3,4+N + α4,4+N , β = α15 + α25
(both sums are not roots!), see [18] the formula before (D.4), formula (D.1), resp.5 To
the last two singular vectors in the ER picture correspond second-order super-differential
operators given explicitly in formulae (11a,b) of [4], and in formulae (D3),(D5) of [18].
The invariant submodules (2.26) were used in [4] in the construction of the UIRs.
We note a partial ordering of the four distinguished points (2.25) of reducibility of Verma
modules:
d1N1 > d
2
N1 , d
3
NN > d
4
NN . (2.27)
5 Note that w.r.t. V Λ the analogues of the vectors v˜34 and v˜12 are not singular, but subsingular
vectors, cf. [17].
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Due to this ordering at most two of these four points may coincide. Thus, we have two
possible situations: of Verma modules (or ERs) reducible at one and at two reduction
points from (2.25).
First we deal with the situations in which no two of the points in (2.25) coincide.
According to [4] (Theorem) there are four such situations involving UIRs:
a d = dmax = d
1
N1 > d
3
NN , (2.28a)
b d = d2N1 > d
3
NN , j2 = 0 , (2.28b)
c d = dmax = d
3
NN > d
1
N1 , (2.28c)
d d = d4NN > d
1
N1 , j1 = 0 . (2.28d)
We shall call these cases single-reducibility-condition (SRC) Verma modules or
UIRs, depending on the context. In addition, as already stated, we use for the cases when
d = dmax , i.e., (2.28a, c), the terminology of semi-short UIRs, while the cases (2.28b, d) are
also called short UIRs.
The factorized Verma modules V˜ Λ with the unitary signatures from (2.28) have only
one invariant (odd) submodule which has to be factorized in order to obtain the UIRs.
These odd embeddings are given explicitly as:
V˜ Λ → V˜ Λ+β , (2.29)
Λ + β = sβ · Λ
where we use the convention [22] that arrows point to the oddly embedded module, and
there are the following cases for β :
β = α3,4+N , for (2.28a), j2 > 0, (2.30a)
= α4,4+N , for (2.28b), (2.30b)
= α15 , for (2.28c), j1 > 0, (2.30c)
= α25 , for (2.28d), (2.30d)
= α3,4+N + α4,4+N , for (2.28a), j2 = 0, (2.30e)
= α15 + α25 , for (2.28c), j1 = 0 (2.30f)
Note that in (2.29) in the cases (2.30e, f) we have extended the action of the odd reflections,
defined in (2.11) for root elements, to sums of odd roots which are not roots.
The diagram (2.29) gives the UIR LΛ contained in V˜
Λ as follows:
LΛ = V˜
Λ/Iβ , (2.31)
where Iβ is given by I1, I2, I3, I4, I12, I34, resp., (cf. (2.26)), in the cases
(2.30a, b, c, d, e, f), resp.
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It is useful to record the signatures of the shifted lowest weights, i.e., χ′ = χ(Λ+β). In
fact, for future use we give the signature changes for arbitrary roots. The explicit formulae
are [22],[18]:
β = α3,N+5−k : χ
′ = [d+ 1
2
; j1, j2 −
1
2
; z + ǫN ; r1, . . . , rk−1 − 1, rk + 1, . . . , rN−1], (2.32a)
j2 > 0 , rk−1 > 0 (2.32a
′)
β = α4,N+5−k : χ
′ = [d+ 12 ; j1, j2 +
1
2 ; z + ǫN ; r1, . . . , rk−1 − 1, rk + 1, . . . , rN−1], (2.32b)
rk−1 > 0 (2.32b
′)
β = α1,N+5−k : χ
′ = [d+ 12 ; j1 −
1
2 , j2 ; z − ǫN ; r1, . . . , rk−1 + 1, rk − 1, . . . , rN−1], (2.32c)
j1 > 0 , rk > 0 (2.32c
′)
β = α2,N+5−k : χ
′ = [d+ 1
2
; j1 +
1
2
, j2 ; z − ǫN ; r1, . . . , rk−1 + 1, rk − 1, . . . , rN−1],(2.32d)
rk > 0 (2.32d
′)
k = 1, . . . , N , ǫN ≡
2
N −
1
2 (2.33) .
For each fixed χ the lowest weight Λ(χ′) fulfills the same odd reducibility condition as
Λ(χ′). We need also the special cases used in (2.30e, f):
β12 = α3,4+N + α4,4+N : χ
′
12 = [d+ 1; j1, 0; z + 2ǫN ; r1 + 2, r2, . . . , rN−1], (2.32e)
j2 = 0, d = d
1
N1
β34 = α15 + α25 : χ
′
34 = [d+ 1; 0, j2 ; z − 2ǫN ; r1, ..., rN−2, rN−1 + 2], (2.32f)
j1 = 0, d = d
3
NN
The lowest weight Λ(χ′12) fulfils (2.28b), while the lowest weight Λ(χ
′
34) fulfils (2.28d).
We consider now the situations in which two of the points in (2.25) coincide. According
to [4] (Theorem) there are four such situations involving UIRs:
ac d = dmax = d
ac ≡ d1N1 = d
3
NN , (2.34a)
ad d = d1N1 = d
4
NN , j1 = 0 , (2.34b)
bc d = d2N1 = d
3
NN , j2 = 0 , (2.34c)
bd d = d2N1 = d
4
NN , j1 = j2 = 0 . (2.34d)
We shall call these double-reducibility-condition (DRC) Verma modules or UIRs.
As in the previous subsection we shall use for the cases when d = dmax , i.e., (2.34a),
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also the terminology of semi-short UIRs, [36],[28], while the cases (2.34b, c, d) shall also be
called short UIRs [27],[28],[38],[39],[40],[41].
To finalize the structure we should check the even reducibility conditions (2.16b, d, e, f).
This analysis was done in [17], and the results are as follows.
The embedding diagrams for the corresponding modules V˜ Λ without even embed-
dings are:
V˜ Λ+β
′
↑
V˜ Λ → V˜ Λ+β
(2.35)
where Λ + β = sβ · Λ, Λ + β
′ = sβ′ · Λ,
(β, β′) =
= (α15, α3,4+N), for (2.34a), m1j1j2 > 0 (2.36a)
= (α15, α3,4+N + α3,4+N ), for (2.34a), j1 > 0, j2 = 0 (2.36b)
= (α15 + α25, α3,4+N), for (2.34a), j1 = 0, j2 > 0 (2.36c)
= (α15 + α25, α3,4+N + α3,4+N ), for (2.34a), j1 = j2 = 0 (2.36d)
= (α25, α3,4+N), for (2.34b), j2 > 0, 2j2 +m1 ≥ 2 (2.36e)
= (α25, α3,4+N + α4,4+N ), for (2.34b), j2 = 0, m1 > 0 (2.36f)
= (α15, α4,4+N), for (2.34c), j1 > 0, 2j1 +m1 ≥ 2 (2.36g)
= (α15 + α25, α4,4+N), for (2.34c), j1 = 0, m1 > 0 (2.36h)
= (α25, α4,4+N), for (2.34d), m1 6= 1 (2.36i)
This diagram gives the UIR LΛ contained in V˜
Λ as follows:
LΛ = V˜
Λ/Iβ,β
′
, Iβ,β
′
= Iβ ∪ Iβ
′
(2.37)
where Iβ , Iβ
′
are given in (2.26), accordingly to the cases in (2.36).
The embedding diagrams for the corresponding modules V˜ Λ with even embeddings are:
V˜ Λ+β
′
↑
V˜ Λ+βe ← V˜ Λ → V˜ Λ+β
(2.38)
where Λ + βe = sβe · Λ, (note nβe = 1, [17]),
(β, β′, βe) =
= (α15, α3,4+N , α14), for (2.34a), j1j2 > 0, m1 = 0 (2.39a)
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= (α25, α3,4+N , α24), for (2.34b), j2 =
1
2 , m1 = 0 (2.39b)
= (α25, α3,4+N + α4,4+N , α23 + α14), for (2.34b), j2 = m1 = 0(2.39c)
= (α15, α4,4+N , α13), for (2.34c), j1 =
1
2 , m1 = 0 (2.39d)
= (α15 + α25, α4,4+N , α23 + α14), for (2.34c), j1 = m1 = 0 (2.39e)
= (α25, α4,4+N , α23 + α14), for (2.34d), m1 = 1 (2.39f)
This diagram gives the UIR LΛ contained in V˜
Λ as follows:
LΛ = V˜
Λ/Iβ,β
′,βe , Iβ,β
′
= Iβ ∪ Iβ
′
∪ V˜ Λ+βe (2.40)
Naturally, the two odd embeddings in (2.35) or (2.38) are the combination of the different
cases of (2.29).
3. Character formulae of positive energy UIRs
3.1. Character formulae: generalities
In the beginning of this subsection we follow [29]. Let Gˆ be a simple Lie algebra of rank
ℓ with Cartan subalgebra Hˆ, root system ∆ˆ, simple root system πˆ. Let Γ, (resp. Γ+),
be the set of all integral, (resp. integral dominant), elements of Hˆ∗, i.e., λ ∈ Hˆ∗ such that
(λ, α∨i ) ∈ ZZ, (resp. ZZ+), for all simple roots αi , (α
∨
i ≡ 2αi/(αi, αi)). Let V be a lowest
weight module with lowest weight Λ and lowest weight vector v0 . It has the following
decomposition:
V = ⊕
µ∈Γ+
Vµ , Vµ = {u ∈ V | Hu = (λ+ µ)(H)u, ∀ H ∈ H} (3.1)
(Note that V0 = CIv0 .) Let E(H
∗) be the associative abelian algebra consisting of the series∑
µ∈H∗ cµe(µ) , where cµ ∈ CI, cµ = 0 for µ outside the union of a finite number of sets
of the form D(λ) = {µ ∈ H∗|µ ≥ λ} , using some ordering of H∗, e.g., the lexicographic
one; the formal exponents e(µ) have the properties: e(0) = 1, e(µ)e(ν) = e(µ+ ν).
Then the (formal) character of V is defined by:
ch0 V =
∑
µ∈Γ+
(dim Vµ) e(Λ + µ) = e(Λ)
∑
µ∈Γ+
(dim Vµ) e(µ) (3.2)
(We shall use subscript ’0’ for the even case.)
For a Verma module, i.e., V = V Λ one has dim Vµ = P (µ), where P (µ) is a generalized
partition function, P (µ) = # of ways µ can be presented as a sum of positive roots β, each
root taken with its multiplicity dimGβ (= 1 here), P (0) ≡ 1. Thus, the character formula
for Verma modules is:
ch0 V
Λ = e(Λ)
∑
µ∈Γ+
P (µ)e(µ) = e(Λ)
∏
α∈∆+
(1− e(α))−1 (3.3)
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Further we recall the standard reflections in Hˆ∗ :
sα(λ) = λ− (λ, α
∨)α , λ ∈ Hˆ∗ , α ∈ ∆ˆ (3.4)
The Weyl group W is generated by the simple reflections si ≡ sαi , αi ∈ πˆ . Thus every
element w ∈ W can be written as the product of simple reflections. It is said that w
is written in a reduced form if it is written with the minimal possible number of simple
reflections; the number of reflections of a reduced form of w is called the length of w,
denoted by ℓ(w).
The Weyl character formula for the finite-dimensional irreducible LWM LΛ over Gˆ, i.e.,
when Λ ∈ −Γ+ , has the form:
6
ch0 LΛ =
∑
w∈W
(−1)ℓ(w) ch0 V
w·Λ , Λ ∈ −Γ+ (3.5)
where the dot · action is defined by w · λ = w(λ− ρ) + ρ. For future reference we note:
sα · Λ = Λ + nαα (3.6)
where
nα = nα(Λ)
.
= (ρ− Λ, α∨) = (ρ− Λ)(Hα) , α ∈ ∆
+ (3.7)
In the case of basic classical Lie superalgebras the first character formulae were given
by Kac [31],[43].7 For all such superalgebras (except osp(1/2N)) the character formula for
Verma modules is [31],[43]:
ch V Λ = e(Λ)
 ∏
α∈∆+
0¯
(1− e(α))−1

 ∏
α∈∆+
1¯
(1 + e(α))
 (3.8)
Note that the factor
∏
α∈∆+
0¯
(1 − e(α))−1 represents the states of the even sector:
V Λ0 ≡ U((G
CI
+)(0)) v0 (as above in the even case), while
∏
α∈∆+
1¯
(1 + e(α)) represents
the states of the odd sector: Vˆ Λ ≡
(
U(GCI+)/U((G
CI
+)(0))
)
v0 . Thus, we may introduce a
character for Vˆ Λ as follows:
ch Vˆ Λ ≡
∏
α∈∆+
1¯
(1 + e(α)). (3.9)
6 A more general character formula involves the Kazhdan–Lusztig polynomials [42].
7 Kac considers highest weight modules but his results are immediately transferable to lowest
weight modules.
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In our case, Vˆ Λ may be viewed as the result of all possible applications of the 4N odd
generators X+a,4+k on v0 , i.e., Vˆ
Λ has 24N states (including the vacuum). Explicitly,
the basis of Vˆ Λ may be chosen as in [23]:
Ψε¯ =
(
1∏
k=N
(X+1,4+k)
ε1,4+k
) (
1∏
k=N
(X+2,4+k)
ε2,4+k
)
×
×
(
N∏
k=1
(X+3,4+k)
ε3,4+k
) (
N∏
k=1
(X+4,4+k)
ε4,4+k
)
v0 ,
εaj = 0, 1
(3.10)
where ε¯ denotes the set of all εij .
8 Thus, the character of Vˆ Λ may be written as:
ch Vˆ Λ =
∑
ε¯
e(Ψε¯) = (3.11a)
=
∑
ε¯
(
N∏
k=1
e(α1,4+k)
ε1,4+k
) (
N∏
k=1
e(α2,4+k)
ε2,4+k
)
×
×
(
N∏
k=1
e(α3,4+k)
ε3,4+k
) (
N∏
k=1
e(α4,4+k)
ε4,4+k
)
= (3.11b)
=
∑
ε¯
e
(
N∑
k=1
4∑
a=1
εa,4+k αa,4+k
)
(3.11c)
(Note that in the above formula there is no actual dependence from Λ.)
We shall use the above to write for the character of V Λ :
ch V Λ = ch Vˆ Λ · ch0 V
Λ
0 = (3.12)
=
∑
ε¯
e
(
N∑
k=1
4∑
a=1
εa,4+k αa,4+k
)
· e(Λ)
 ∏
α∈∆+
0¯
(1− e(α))−1
 =
=
∑
ε¯
e
(
Λ +
N∑
k=1
4∑
a=1
εa,4+k αa,4+k
)  ∏
α∈∆+
0¯
(1− e(α))−1
 =
=
∑
ε¯
ch0 V
Λ +
∑
N
k=1
∑
4
a=1
εa,4+k αa,4+k
0
8 The order chosen in (3.10) was important in the proof of unitarity in [4],[23] and for that
purpose one may choose also an order in which the vectors on the first row are exchanged with
the vectors on the second row.
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where ch0 V
Λ
0 is the character obtained by restriction of V
Λ to V Λ0 :
ch0 V
Λ
0 = e(Λ
z) · ch0 V
Λs · ch0 V
Λu (3.13)
where we use the decomposition Λ = Λs+Λz+Λu from (2.17a), and V Λ
s
, V Λ
u
, resp., are
Verma modules over the complexifications of su(2, 2), su(N), resp., cf. next Subsection.
Analogously, for the factorized Verma modules V˜ Λ the character formula is:
ch V˜ Λ = ch Vˆ Λ · ch0 V˜
Λ
0 =
=
∑
ε¯
ch0 V˜
Λ +
∑
N
k=1
∑
4
a=1
εa,4+k αa,4+k
0
(3.14)
where ch0 V˜
Λ
0 is the character obtained by restriction of V˜
Λ to V˜ Λ0 ≡ U((G
CI
+)(0)) |˜Λ〉 ,
or more explicitly:
ch0 V˜
Λ
0 = e(Λ
z) · ch0 LΛs · ch0 LΛu (3.15)
where we use the decomposition Λ = Λs + Λz +Λu from (2.17a), and character formulae
for the irreps of the even subalgebra from next subsection.
Formula (3.14) represents the expansion of the corresponding superfield in components,
and each component has its own even character. We see that this expansion is given exactly
by the expansion of the odd character (3.11).
We have already displayed how the UIRs LΛ are obtained as factor-modules of the
(even-submodules-factorized) Verma modules V˜ Λ. Of course, this factorization means that
the odd singular vectors of V˜ Λ are becoming null conditions in LΛ . However, this is not
enough to determine the character formulae even when considering our UIRs as irreps of
the complexification sl(4/N). The latter is a well known feature even in the bosonic case.
Here the situation is much more complicated and much more refined analysis is necessary.
The most important aspect of this analysis is the determination of the superfield content.
This analysis was used in [4],[23] but was not explicated enough. It was made more explicit
in [17], which we use in the present paper.
3.2. Characters of the even subalgebra
For the characters of the even subalgebra: GCI0 = sl(4) ⊕ gl(1) ⊕ sl(N) of G
CI , we use
formulae (3.13),(3.15). In fact, since the subalgebra GCI0 is reductive the corresponding
character formulae will be given by the products of the character formulae of the two
simple factors sl(4) and sl(N).
We start with the sl(4) case. We denoted the six positive roots of sl(4) by αij , 1 ≤
i < j ≤ 4. (Of course, they are part of the root system of sl(4/N).) For the simplification
of the character formulae we use notation for the formal exponents corresponding to the
sl(4) simple roots: tj ≡ e(αj), j = 1, 2, 3; then for the three non-simple roots we have:
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e(α13) = t1t2, e(α24) = t2t3, e(α14) = t1t2t3 . In terms of these the character formula for
a Verma module over sl(4) is:
ch0 V
Λs =
e(Λs)
(1− t1)(1− t2)(1− t3)(1− t1t2)(1− t2t3)(1− t1t2t3)
(3.16)
where by Λs we denote the sl(4) lowest weight.
The representations of sl(4) which we consider are infinite-dimensional. When d >
dmax then all the numbers: n2, n12, n23, n13 from (2.16) cannot be positive integers.
Then the only reducibilities of the sl(4) Verma module are related to the complexification
of the Lorentz subalgebra of su(2, 2), i.e., with sl(2)⊕ sl(2), and the character formula is
given by the product of the two character formulae for finite-dimensional sl(2) irreps. In
short, the sl(4) character formula is:
ch L2d;j1,j2 = ch0 V
Λs − ch0 V
Λs+n1α12 − ch0 V
Λs+n3α34 + ch0 V
Λs+n1α12+n3α34 =
=
e(Λs) (1− tn11 ) (1− t
n3
3 )
(1− t1)(1− t2)(1− t3)(1− t1t2)(1− t2t3)(1− t1t2t3)
=
=
e(Λs)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
n1−1∑
j=0
tj1
 (n3−1∑
k=0
tk3
)
=
=
e(Λs)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
Qn1,n3(t1, t3) ,
n1 = 2j1 + 1, n3 = 2j2 + 1, d > dmax , (3.17)
and we have introduced for later use notation Qn1,n2 for the character factorized by
e(Λs)/((1 − t2)(1 − t1t2)(1 − t2t3)(1 − t1t2t3)). The above formula obviously has the
form (3.5) replacing W 7→ W2×W2 , where W2 is the two-element Weyl group of sl(2).
When d ≤ dmax there are additional even reducibilities, cf. (2.38), (2.39).
First we consider the case when d = 2 + j1 + j2 , i.e., the unitarity threshold when
j1j2 6= 0. Using the definitions in (2.16) we have:
n1 = 1 + 2j1 , n2 = −1− 2j1 − 2j2 , n3 = 1 + 2j2 ,
n12 = −2j2 , n23 = −2j1 , n13 = 1 .
(3.18)
The corresponding character formula is given in [44] (formula (4.32c) (one has to make the
changes: m23 7→ n1, m12 7→ n3, since that formula is parametrized w.r.t. some referent
dominant weight, and set m2 = 1):
ch Ldac;j1,j2 = ch V
Λac
(
1− tn11 − t
n3
3 − t13 + t
n1
1 t
n3
3 + t
n1
1 t23 + t12t
n3
3 − t
n1
1 t2t
n3
3
)
=
= ch V Λac
(
(1− tn11 )(1− t
n3
3 ) − t13(1− t
n1−1
1 )(1− t
n3−1
3 )
)
=
=
e(Λac)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
Pn1,n3(t1, t2, t3) , (3.19)
dac = 2 + j1 + j2 , n1 = 1 + 2j1 , n3 = 1 + 2j2 ,
Pn1,n3 = Qn1,n3 + t13Qn1−1,n3−1 .
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Note that this formula is valid also for j1 = 0, (n1 = 1) and/or j2 = 0, (n3 = 1) when the
second term disappears, (Q0,n = Qn,0 = 0), and then the formula coincides with (3.17).
This may be explained with the fact that when j1j2 = 0, then the value d = 2+ j1+ j2 is
not a threshold, instead d = 1 + j1 + j2 is the threshold.
Next we consider the case when d = 1 + j1 + j2 , i.e., the massless unitarity threshold
when j1j2 = 0. First we take j1 = 0. Using the definitions in (2.16) we have:
n1 = 1 , n2 = −2j2 , n3 = 1 + 2j2 ,
n12 = 1− 2j2 , n23 = 1 , n13 = 2 .
(3.20)
The corresponding character formula is given in [44] (formula (4.32b) (one has to make
the changes: m13 7→ n3, m2 7→ n1 = 1, m3 7→ n23 = 1, m23 7→ n13 = 2, since that formula
is parametrized w.r.t. some more general referent dominant weight):
ch Ldad;0,j2 = ch V
Λad
(
1 − t1 − t
n3
3 + t1t
n3
3 −
− t23 + t2t
n3
3 + t
2
1t23 − t
2
1t2t
n3
3 +
+ t1t
2
23 − t1t
2
2t
n3
3 − t
2
13 + t
2
12t
n3
3
)
=
= ch V Λad(1− t1)
(
1− tn33 − t23(1 + t1)(1− t
n3−1
3 ) + t2t13(t3 − t
n3−1
3 )
)
=
=
e(Λad)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
Pn3(t1, t2, t3) , (3.21)
Pn3 =
Qn3 − t23(1 + t1)Qn3−1 + t23t13Qn3−2 , n3 ≥ 2
1− t2t13 , n3 = 1
This formula simplifies considerably for j2 = 0, (n3 = 1) and j2 =
1
2
, (n3 = 2):
ch Ldad=1; 0,0 =
e(Λad) (1− t2t13)
(1− t2)(1− t12)(1− t23)(1− t13)
. (3.22)
ch L
dad=
3
2 ; 0,
1
2
=
e(Λad) (1 + t3 − t23 − t13)
(1− t2)(1− t12)(1− t23)(1− t13)
. (3.23)
The case j2 = 0 is obtained from the above by the changes n3 7→ n1 and t1 ←→ t3,
and the character formula is:
ch Ldbc;j1,0 = ch V
Λad
(
1 − t3 − t
n1
1 + t
n1
1 t3 −
− t12 + t
n1
1 t2 + t12t
2
3 − t
n1
1 t2t
2
3 +
+ t212t3 − t
n1
1 t
2
2t3 − t
2
13 + t
n1
1 t
2
23
)
=
= ch V Λbc(1− t3)
(
1− tn11 − t12(1 + t3)(1− t
n1−1
1 ) + t1t
2
2t3(t1 − t
n1−1
1 )
)
=
18
=
e(Λbc)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
P ′n1(t1, t2, t3) , (3.24)
P ′n1 =
Q
′
n1
− t12(1 + t3)Q
′
n1−1
+ t12t13Q
′
n1−2
, n1 ≥ 2
1− t2t13 , n1 = 1
This formula simplifies considerably for j1 = 0, (n1 = 1) when it coincides with (3.22)
since P ′1 = P1 , while in the case j1 =
1
2
, (n1 = 2) we have:
ch L
dbc=
3
2 ;
1
2 ,0
=
e(Λad) (1 + t1 − t12 − t13)
(1− t2)(1− t12)(1− t23)(1− t13)
. (3.25)
Remark: It is not surprising that the three cases (3.22),(3.23),(3.25)(when j1 + j2 ≤
1
2
) are
special since (unlike the other massless irreps) they are not related to finite-dimensional irreps.
The easiest way to see this is by the value of the Casimir, which in terms of the parameters nik
is given as follows:
C2 =
1
2
(
n213 + n
2
2 +
1
2 (n1 − n3)
2
)
− 5 (3.26)
and is normalized so that for each finite-dimensional irrep (when nk ∈ IN) it is non-negative and
zero only for the one-dimensional irrep (nk = 1). It is easy to see that for the massless cases
given in (3.20) one has:
C2 = 3(j
2
2 − 1) , j2 ∈
1
2ZZ+ , (3.27)
which is indeed negative for j2 = 0,
1
2 and non-negative for j2 ≥ 1. In fact, the finite-dimensional
irrep, related to a massless case with j2 ≥ 1, has dimension [45]:
dimΛfdir,j2 =
1
3
j2(4j
2
2 − 1), j2 ∈ 1 +
1
2
ZZ+ . (3.28)
For the conjugate massless case we have similarly
C2 = 3(j
2
1 − 1) , j1 ∈
1
2ZZ+ , (3.29)
dimΛfdir′,j1 =
1
3 j1(4j
2
1 − 1), j1 ∈ 1 +
1
2ZZ+ , (3.30)
with the same conclusions.
These three representations are the so-called minimal UIRs of su(2, 2), cf., e.g., [46], and for
other of their properties we refer to [47],[48]. ♦
In the case of sl(N) the representations are finite-dimensional since we induce from
UIRs of su(N). The character formula is (3.5), which we repeat in order to introduce the
corresponding notation:
Sr1,...,rN−1 =
∑
w∈Wu
(−1)ℓ(w) ch0 V
w·Λu , Λu ∈ −Γu+ (3.31)
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The index u is to distinguish the quantities pertinent to the case.
We shall write down explicitly the cases that we shall need, namely, sl(2) and sl(4). In
the sl(2) case the Weyl group has only two elements and the character formula is very
simple:
Sr = ch V
Λ (1− tr+1) = e(Λ)
1− tr+1
1− t
=
= e(Λ)(1 + t+ t2 + · · ·+ tr) ,
e(Λ) = t−r/2 , r ∈ ZZ+ .
(3.32)
In the sl(4) case the Weyl group has 24 elements and the character formula is:
Sr1,r2,r3 = ch V
Λu
(
1− tn11 − t
n2
2 − t
n3
3 + t
n1
1 t
n3
3 + t
n1
1 t
n12
2 + t
n23
2 t
n3
3 + (3.33)
+ tn121 t
n2
2 + t
n2
2 t
n23
3 − t
n1
1 t
n13
2 t
n3
3 − t
n12
1 t
n2
2 t
n23
3 − t
n13
1 t
n23
2 t
n3
3 −
− tn11 t
n12
2 t
n13
3 − (t1t2)
n12 − (t2t3)
n23 + tn121 t
n2+n13
2 t
n23
3 +
+ tn11 (t2t3)
n13 + (t1t2)
n12tn133 + t
n13
1 (t2t3)
n23 + (t1t2)
n13tn33 −
− tn121 t
n2+n13
2 t
n13
3 − t
n13
1 t
n2+n13
2 t
n23
3 − (t1t2t3)
n13 + (t1t2t3)
n13tn22
)
,
nk = rk + 1, n12 = r1 + r2 + 2, n23 = r2 + r3 + 2,
n13 = r1 + r2 + r3 + 3
The expression for Λu in terms of the sl(4) simple roots is:
Λu = − 12(r2 +
1
2(3r1 + r3)) β1 − (r2 +
1
2 (r1 + r3)) β2 −
1
2 (r2 +
1
2 (r1 + 3r3)) β3 =
=
3∑
k=1
λk βk , (3.34)
where the minus signs are due to the fact that Λu is assumed to be lowest weight, for
highest weight the minuses become pluses. Furthermore, the notation for the simple roots
depends on the application, e.g., when applied to the compact part of the even subalgebra
for N = 4: G0 = su(2, 2)⊕ u(1)⊕ su(4) then the roots are mapped: β1 7→ α7 , β2 7→ α6 ,
β3 7→ α5 .
We give some explicit examples that would be actually used:
S0,0,0 = 1 , (3.35)
S1,0,0 = e(Λ
u) (1 + t1 + t12 + t13) ,
S0,0,1 = e(Λ
u) (1 + t3 + t23 + t13) ,
S0,1,0 = e(Λ
u) (1 + t2 + t12 + t23 + t13 + t13t2) ,
S2,0,0 = e(Λ
u) (1 + t1 + t
2
1 + t12 + t
2
12 + t13 + t
2
13 + t12t1 + t13t1 + t13t12) ,
S0,0,2 = e(Λ
u) (1 + t3 + t
2
3 + t23 + t
2
23 + t13 + t
2
13 + t23t3 + t13t3 + t13t23) ,
e(Λu) =
3∑
k=1
tλkk .
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Naturally, the number of terms in the character formula is equal to the dimension of the
corresponding irrep:
dimr1,r2,r3 =
1
12
(r1+1)(r2+1)(r3+1)(r1+ r2+2)(r2+ r3+2)(r1+ r2+ r3+3) . (3.36)
4. Explicit character formulae for N=1,2,4
4.1. N=1
• Long superfields
If d > dmax , j1j2 > 0 then LˆΛ has the maximum possible number of states: 16.
The bare character formula is (3.19) from [17]:
ch LˆΛ =
∏
α∈∆+
1¯
(1 + e(α)) =
= (1 + e(α15))(1 + e(α25))(1 + e(α35))(1 + e(α45)) ,
(4.1)
where we use (2.13) :
α15 = γ1 + γ3 = α1 + γ3 ,
α35 = γ2 + γ4 = α3 + γ4 ,
α25 = γ3 , α45 = γ4
(4.2)
The mirror symmetry of (4.1) follows from (2.15):
γ1 ←→ γ2 , γ3 ←→ γ4
For the characters we shall need also the following notation related to the odd roots:
ϑ ≡ e(α15) , θ ≡ e(α25) ,
ϑ¯ ≡ e(α35) , θ¯ ≡ e(α45) ,
(4.3)
(the bar respecting the mirror symmetry), and for the sl(4)–related variables : tk ≡ e(αk) ,
k = 1, 2, 3, cf. Subsection 2.2. Note the relation:
ϑ = t1 θ , ϑ¯ = t3 θ¯ , (4.4)
which is also mirror symmetric.
21
The full character formula takes into account the characters of the conformal algebra
entries, i.e., we have:
chLΛ = e(Λ)
{
ch′ L2d;j1,j2 + e(α15) ch
′ L2
d+
1
2 ;j1−
1
2 ,j2
+ e(α25) ch
′ L2
d+
1
2 ;j1+
1
2 ,j2
+
+ e(α35) ch
′ L2
d+
1
2
;j1,j2−
1
2
+ e(α45) ch
′ L2
d+
1
2
;j1,j2+
1
2
+
+ e(α15) e(α25) ch
′ L2d+1;j1,j2 + e(α15) e(α35) ch
′ L2
d+1;j1−
1
2 ,j2−
1
2
+
+ e(α15) e(α45) ch
′ L2
d+1;j1−
1
2 ,j2+
1
2
+ e(α25) e(α35) ch
′ L2
d+1;j1+
1
2 ,j2−
1
2
+
+ e(α25) e(α45) ch
′ L2
d+1;j1+
1
2 ,j2+
1
2
+ e(α35) e(α45) ch
′ L2d+1;j1,j2 +
+ e(α15) e(α25) e(α35) ch
′ L2
d+
3
2
;j1,j2−
1
2
+ e(α15) e(α25) e(α45) ch
′ L2
d+
3
2
;j1,j2+
1
2
+
+ e(α15) e(α35) e(α45) ch
′ L2
d+
3
2 ;j1−
1
2 ,j2
+ e(α25) e(α35) e(α45) ch
′ L2
d+
3
2 ;j1+
1
2 ,j2
+
+ e(α15) e(α25) e(α35) e(α45) ch
′ L2d+2;j1,j2
}
(4.5)
where ch′ L2d;j1,j2 is the conformal (actually sl(4)) character formula (3.17), the prime
denoting that we have omitted the prefactor e(Λs) since above it is distributed among the
other prefactors. Substituting the explicit expressions for ch′ L2d;j1,j2 we obtain:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1 + ϑ θ) (1 + ϑ¯ θ¯)Qn1,n3 +
+ ϑ Qn1−1,n3 + θ Qn1+1,n3 +
+ ϑ¯ Qn1,n3−1 + θ¯ Qn1,n3+1 +
+ ϑ ϑ¯ Qn1−1,n3−1 + ϑ θ¯ Qn1−1,n3+1 +
+ θ ϑ¯ Qn1+1,n3−1 + θ θ¯ Qn1+1,n3+1 +
+ ϑ θ ϑ¯ Qn1,n3−1 + ϑ θ θ¯ Qn1,n3+1 +
+ ϑ ϑ¯ θ¯ Qn1−1,n3 + θ ϑ¯ θ¯ Qn1+1,n3
}
(4.6)
where the polynomials Q are in terms of the sl(4)–related variables t1, t2, t3.
When j1j2 = 0 there are less terms in the character formula, since Q0,· = 0 = Q·,0 ,
and further the entries simplify.
If j1 = 0, j2 > 0 then the generator X
+
15 can appear only together with the generator
X+25 , and LˆΛ has 12 states = 3(chiral)×4(anti-chiral) states.
9 The bare character formula
is (3.26) from [17]
ch LˆΛ = ch Vˆ
Λ − R , d > dmax , (4.7)
9 In statements like this each sector includes the vacuum.
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R ≡ e(Vˆ Λexcl) =
∑
excluded
states
e(Ψε¯) ,
where the counter-term R in our case is:
R = e(α15)(1 + e(α35))(1 + e(α45)) (4.8)
and the full character formula is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.9)
×
{
(1 + ϑ θ) (1 + ϑ¯ θ¯)Qn3 +
+ θ (1 + ϑ¯ θ¯) (1 + t1)Qn3 +
+ ϑ¯ (1 + ϑ θ)Qn3−1 +
+ θ¯ (1 + ϑ θ)Qn3+1 +
+ θ ϑ¯ (1 + t1)Qn3−1 + θ θ¯ (1 + t1)Qn3+1
}
where we use:
Q1,n3 =
n3−1∑
k=0
tk3 ≡ Qn3 , Q2,n3(t1, t3) = (1 + t1) Qn3(t3) .
The next case is conjugate. If j1 > 0, j2 = 0 then the generator X
+
35 can appear only
together with the generator X+45 , and LˆΛ has 12 states. The bare character formula is
again (4.7) with counter-term:
R = e(α35)(1 + e(α15))(1 + e(α25)) (4.10)
and the full character formula is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.11)
×
{
(1 + ϑ θ) (1 + ϑ¯ θ¯)Q′n1 +
+ θ¯ (1 + ϑ θ) (1 + t3)Q
′
n1 +
+ ϑ (1 + ϑ¯ θ¯)Q′n1−1 +
+ θ (1 + ϑ¯ θ¯)Q′n1+1 +
+ ϑ θ¯ (1 + t3)Q
′
n1−1 + θ θ¯ (1 + t3)Q
′
n1+1
}
where we use:
Qn1,1 =
n1−1∑
j=0
tj1 ≡ Q
′
n1 , Qn1,2(t1, t3) = (1 + t3) Q
′
n1(t1) .
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The next case combines the previous two. If j1 = j2 = 0 then the generator X
+
15 can
appear only together with the generator X+25 , the generator X
+
35 can appear only together
with the generator X+45 , and LˆΛ has 9 states = 3(chiral)×3(anti-chiral) states. The
character formula is (4.7) with:
R = ϑ(1+e(α35))(1+e(α45)) + e(α35)(1+e(α15))(1+e(α25)) − e(α15)e(α35) , (4.12)
i.e., we combine the counter-terms of the previous two cases, but need to subtract a
counter-term that is counted twice. The bare character formula is:
ch LˆΛ = (1 + e(α25) + ϑ e(α25))(1 + e(α45) + e(α35) e(α45)) (4.13)
and the full character formula may be obtained from (4.9) setting n3 = 1 (or from (4.11)
setting n1 = 1):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.14)
×
{
(1 + ϑ θ) (1 + ϑ¯ θ¯) +
+ θ (1 + ϑ¯ θ¯) (1 + t1) +
+ θ¯ (1 + ϑ θ) (1 + t3) +
+ θ θ¯ (1 + t1) (1 + t3)
}
using Q1 = 1, Q2 = 1 + t3 , (or Q
′
1 = 1, Q
′
2 = 1 + t1 ).
• SRC cases
•a d = dmax = d
1
11 = 2 + 2j2 + z > d
3
11 .
The generator X+35 is eliminated [17] and for z = 0 (then j2 > j1) these are
1
4 -BPS cases
[49].
These are called semi-conserved superfields in [37]. For j2 > 0 they obey the first-order
super-differential operator given explicitly in formulae (7a) of [4]. When j2 = 0 that
first-order super-differential operator has trivial kernel and is replaced by second-order
super-differential operator given in (11b) of [4].
• j1 > 0. Here there are only 8 states.
10 The bare character formula is (3.36) (or
equivalently (3.39)) from [17] without counter-terms:
ch LˆΛ =
∏
α∈∆
+
1¯
α6=α35
(1 + e(α)) . (4.15)
10 For brevity, here and often below we shall say ”there are M states” meaning ”there are M states
in LˆΛ ”.
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The full character formula follows from (4.6):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.16)
×
{
(1 + ϑ θ)Qn1,n3 + ϑ Qn1−1,n3 +
+ θ Qn1+1,n3 + θ¯ Qn1,n3+1 +
+ ϑ θ¯ Qn1−1,n3+1 + θ θ¯ Qn1+1,n3+1 +
+ ϑ θ θ¯ Qn1,n3+1
}
Remark: For the finite-dimensional irreps of sl(4/N) the SRC situations are called ’singly
atypical’ and the character formulae are written as (4.15), cf. [50],[51],[52].11 ♦
• j1 = 0. The generator X
+
15 can appear only together with the generator X
+
25 and
there are only 6 states. Then the bare character formula is (3.36) (or equivalently (3.39))
from [17] with counter-term:
ch LˆΛ =
∏
α∈∆
+
1¯
α6=α35
(1 + e(α)) − R =
= (1 + e(α25) + ϑ e(α25))(1 + e(α45)),
R = ϑ(1 + e(α45)) .
(4.17)
The full character formula follows from (4.16):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1 + ϑ θ)Qn3 +
+ θ (1 + t1) (Qn3 + θ¯Qn3+1) +
+ (1 + ϑ θ) θ¯ Qn3+1
}
(4.18)
•b d = d211 = z > d
3
11 , j2 = 0 .
These UIRs are called chiral since all anti-chiral generators are eliminated. They obey the
first-order super-differential operator given explicitly in formulae (7b) of [4].
• j1 > 0. The generators X
+
35 and X
+
45 are eliminated and there are only 4 states. The
bare character formula is (3.65) from [17] (for i0 = 0) without counter-terms:
ch LˆΛ = (1 + e(α15)) (1 + e(α25)) (4.19)
11 For character formulae of finite-dimensional irreps beyond the singly atypical case cf. [53], [54],
[55], [56], and references therein.
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The full character formula follows from (4.16):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1 + ϑ θ)Q′n1 + ϑQ
′
n1−1 + θ Q
′
n1+1
} (4.20)
• j1 = 0. The generators X
+
35 and X
+
45 are eliminated, the generator X
+
15 can appear
only together with the generator X+25 , and there are only 3 states. The bare character
formula is (3.65) from [17] (for i0 = 0) with counter-term R = e(α15) :
ch LˆΛ = 1 + e(α25) + e(α15)e(α25) (4.21)
The full character formula follows from (4.20):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
1 + ϑ θ + θ (1 + t1)
} (4.22)
The next two cases c,d are conjugate to the above a,b. The character formulae are
obtainable by the changes j1 ←→ j2, n1 ←→ n3, t1 ←→ t3, ϑ ←→ ϑ¯, θ ←→ θ¯, (α15 ←→
α35, α25 ←→ α45). Thus, we list the character formulae without explanations.
•c d = dmax = d
3
11 = 2 + 2j1 − z > d
1
11 .
The generator X+15 is eliminated [17] and for z = 0 (then j1 > j2) these are
1
4 -BPS cases
[49].
These are called semi-conserved superfields in [37]. For j1 > 0 they obey the first-order
super-differential operator given explicitly in formulae (7c) of [4]. When j1 = 0 that
first-order super-differential operator has trivial kernel and is replaced by second-order
super-differential operator given in (11a) of [4].
• j2 > 0. The character formulae are:
ch LˆΛ =
∏
α∈∆
+
1¯
α6=α15
(1 + e(α)) . (4.23)
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.24)
×
{
(1 + ϑ¯ θ¯)Qn1,n3 + ϑ¯ Qn1,n3−1 +
+ θ¯ Qn1,n3+1 + θ Qn1+1,n3 +
+ θ ϑ¯ Qn1+1,n3−1 + θ θ¯ Qn1+1,n3+1 +
+ θ ϑ¯ θ¯ Qn1+1,n3
}
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• j2 = 0. The character formulae are:
ch LˆΛ = (1 + e(α25))(1 + e(α45) + e(α35) e(α45)) . (4.25)
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1 + ϑ¯ θ¯)Q′n1 +
+ θ¯ (1 + t3) (Q
′
n1
+ θQ′n1+1) +
+ (1 + θ ϑ¯) θ¯ Q′n1+1
}
(4.26)
•d d = d411 = −z > d
1
11 , j1 = 0 .
These UIRs are called anti-chiral since all chiral generators are eliminated. They obey the
first-order super-differential operator given explicitly in formulae (7d) of [4].
• j2 > 0. The character formulae are:
ch LˆΛ = (1 + e(α35)) (1 + e(α45)) (4.27)
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1 + ϑ¯ θ¯)Qn3 + ϑ¯Qn3−1 + θ¯ Qn3+1
} (4.28)
• j2 = 0. The character formulae are:
ch LˆΛ = 1 + e(α45) + e(α35)e(α45) (4.29)
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
1 + ϑ¯ θ¯ + θ¯ (1 + t3)
} (4.30)
• DRC cases
•ac d = dac = dmax = d
1
11 = d
3
11 = d
ac = 2 + j1 + j2 , z = zac = j1 − j2 .
These are the conserved superfields. For j1j2 6= 0 they obey the two first-order super-
differential operators given explicitly in formulae (7a,c) of [4]. These semi-short UIRs may
be called Grassmann-analytic following [28], since odd generators from different chiralities
are eliminated.
When j1 = 0 (j2 = 0) the first-order super-differential operator from (7c) of [4] ((7a) of
[4], resp.) has trivial kernel and is replaced by second -order super-differential operator
given in (11a) of [4] ((11b) of [4], resp.).
The generators X+15 and X
+
35 are eliminated (though for different reasons for j1 > 0 and
j1 = 0, resp., for j2 > 0 and j2 = 0). For j2 = j2 (then z = 0) these are
1
2 -BPS cases [49].
12
12 There are only three BPS cases for N = 1, the other two were mentioned above in cases a,c.
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There are only 4 states and the bare character formula is (3.84) from [17] (for i0 = i
′
0 = 0)
without counter-terms:
ch LˆΛ = (1 + e(α25)) (1 + e(α45)) =
= ch Vˆ Λ −
1
1 + e(α15)
ch Vˆ Λ+α15 −
1
1 + e(α35)
ch Vˆ Λ+α35 +
+
1
(1 + e(α15))(1 + e(α35))
ch Vˆ Λ+α15+α35 ,
(4.31)
where the terms with minus may be interpreted as taking out states, while the last term
indicates adding back what was taken two times. The corresponding decomposition of
LΛ is given by:
LΛ = Ldac;j1,j2 ⊗ L
z
zac
+ L
dac+
1
2 ;j1+
1
2 ,j2
⊗ Lz
zac−
3
2
+
+ L
dac+
1
2 ;j1,j2+
1
2
⊗ Lz
zac+
3
2
+ L
dac+1;j1+
1
2 ,j2+
1
2
⊗ Lzzac
(4.32)
Note that for all four conformal entries is fulfilled the relation: d = 2+ j1 + j2, which for
j1j2 6= 0 is the conformal unitarity threshold. Thus, for the conformal characters we have
to use formula (3.19), and then the full character formula is:
ch LΛ = e(Λ)
{
ch′ Ldac;j1,j2 + e(α25) ch
′ L
dac+
1
2
;j1+
1
2
,j2
+
+ e(α45) ch
′ L
dac+
1
2 ;j1,j2+
1
2
+ e(α25)e(α45) ch
′ L
dac+1;j1+
1
2 ,j2+
1
2
}
=
=
e(Λ)
(1− t1)(1− t2)(1− t3)(1− t12)(1− t23)(1− t13)
{
Pn1,n3 +
+ θPn1+1,n3 + θ¯Pn1,n3+1 + θ θ¯Pn1+1,n3+1
}
(4.33)
where ch′ is the character formula (3.19) without the prefactor e(Λac) - this prefactor is
subsumed in the overall prefactor e(Λ) since the relative difference weights between the
four terms of (4.33) are taken into account by the prefactors e(αk5).
•ad d = dad = d111 = d
4
11 = 1 + j2 = −z , j1 = 0.
The generators X+15, X
+
25 and X
+
35 are eliminated (for the latter for different reasons for
j2 > 0 and j2 = 0). These are the first series of massless UIRs, and everything is already
explicit in the general formulae. There are only 2 states and the bare character formula is
(3.97) from [17] for N = 1 :
ch LˆΛ = 1 + e(α45) . (4.34)
The corresponding decomposition of LΛ is given by:
LΛ = Ldad;0,j2 ⊗ L
z
zad
+ L
dad+
1
2
;0,j2+
1
2
⊗ Lz
zad+
3
2
(4.35)
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Note that for both conformal entries is fulfilled the relation: d = 1 + j1 + j2, which for
j1j2 = 0 is the conformal unitarity threshold. For the characters we have to use formula
(3.21), (or its reductions for j2 = 0,
1
2), and then the full character formula is:
ch LΛ = e(Λ)
{
ch′ Ldad;0,j2 + e(α45) ch
′ L
dad+
1
2 ;0,j2+
1
2
}
=
= e(Λ)
{
Pn3 + θ¯Pn3+1
}
.
(4.36)
where ch′ is the character formula (3.21) without the prefactor e(Λad) - cf. the explanation
above. This formula simplifies for j2 = 0, (n3 = 1) (using both (3.22) and (3.23)):
ch LΛ =
e(Λ)
(1− t2)(1− t12)(1− t23)(1− t13)
(
1− t1t
2
2t3 + θ¯ (1 + t3 − t23 − t13)
)
(4.37)
The next case is conjugate.
•bc d = dbc = d211 = d
3
11 = 1 + j1 = z , j2 = 0.
The generators X+15, X
+
35 and X
+
45 are eliminated (for the first for different reasons for
j1 > 0 and j1 = 0). These are the second series of massless UIRs. There are only 2 states
and the bare character formula is (3.100) from [17] for N = 1 :
ch LˆΛ = 1 + e(α25) . (4.38)
For the full characters we have to use formula (3.24), (or its reductions for j1 = 0,
1
2
), and
then we have:
ch LΛ = e(Λ)
{
ch′ Ldbc;j1,0 + e(α25) ch
′ L
dbc+
1
2 ; j1+
1
2 ,0
}
=
= e(Λ)
{
P ′n1 + θP
′
n1+1
}
.
(4.39)
This formula simplifies for j1 = 0, (n1 = 1) (using (3.22) and (3.25)):
ch LΛ =
e(Λ)
(1− t2)(1− t12)(1− t23)(1− t13)
(
1− t1t
2
2t3 + θ (1 + t1 − t12 − t13)
)
(4.40)
•bd d = d211 = d
4
11 = j1 = j2 = z = 0
As we explained this is the trivial 1-dimensional irrep consisting of the vacuum.
4.2. N=2
For N = 2 we consider only the DRC cases.
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First we introduce notation for the odd roots when N = 2 using (2.13) :
α15 = α1 + γ3 , α16 = α1 + γ3 + α5 ,
α25 = γ3 , α26 = γ3 + α5 ,
α35 = α2 + γ4 + α5 , α36 = α2 + γ4 ,
α45 = γ4 + α5 , α46 = γ4 .
(4.41)
Note that as a consequence of our mirror symmetry (2.15) we have:
α15 ←→ α36 , α16 ←→ α35
α25 ←→ α46 , α26 ←→ α45
(4.42)
For the characters we shall need also the following notation:
ϑk ≡ e(α1,7−k) , θk ≡ e(α2,7−k) , k = 1, 2
ϑ¯k ≡ e(α3,4+k) , θ¯k ≡ e(α4,4+k) , k = 1, 2 ,
(4.43)
the bar respecting the mirror symmetry of (4.42).
•ac d = dac = dmax = d
1
21 = d
3
22 = 2 + j1 + j2 + r , z = j1 − j2 .
The maximal number of states is 64 = 8(chiral)×8(anti-chiral), achieved for r ≥ 4. The 8
anti-chiral, chiral, states are as described in •a,•c, resp., (differing for j2 > 0 and j2 = 0,
j1 > 0 and j1 = 0, resp.).
• j1j2 > 0 .
Here hold the bare character formulae (3.84) from [17] (without counter-terms for r ≥ 4).
The states X+15 |Λ〉, X
+
36 |Λ〉 and their descendants are eliminated. (These semi-short
UIRs may be called Grassmann-analytic following [28], since odd generators from different
chiralities are eliminated.) For r = 0 also the generators X+35 and X
+
16 are eliminated.
Thus, when j1 = j2 (then z = 0) for r > 0 we have
1
4 -BPS cases, and for r = 0 we have
1
2 -BPS cases. We recall from [17] that correspondingly to the values of r: r ≥ 4, r = 3,
r = 2, r = 1, r = 0, there are, respectively, 64, 63, 57, 42, 11 terms in the superfield.
We shall present the character only for the last case which is the shortest semi-short
N = 2 superfield. The 11 corresponding states are:
|Λ〉 , X+25 |Λ〉 , X
+
46 |Λ〉 ,
X+26X
+
25 |Λ〉 , X
+
45X
+
46 |Λ〉 ,
X+25X
+
46 |Λ〉 , X
+
26X
+
46 |Λ〉 , X
+
45X
+
25 |Λ〉 ,
X+26X
+
25X
+
46 |Λ〉 , X
+
45X
+
25X
+
46 |Λ〉 ,
X+26X
+
45X
+
25X
+
46 |Λ〉 . (4.44)
The corresponding signatures - conformal and su(2) - in format [d, j1, j2 ; r] are:
[d ≡ dac, j1, j2 ; 0] , [d+
1
2 , j1 +
1
2 , j2 ; 1] , [d+
1
2 , j1, j2 +
1
2 ; 1] ,
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[d+ 1, j1 + 1, j2 ; 0] , [d+ 1, j1, j2 + 1 ; 0] ,
[d+ 1, j1 +
1
2 , j2 +
1
2 ; 2] , [d+ 1, j1 +
1
2 , j2 +
1
2 ; 0] , [d+ 1, j1 +
1
2 , j2 +
1
2 ; 0] ,
[d+ 32 , j1 + 1, j2 +
1
2 ; 1] , [d+
3
2 , j1 +
1
2 , j2 + 1 ; 1] ,
[d+ 2, j1 + 1, j2 + 1 ; 0] . (4.45)
Note that all conformal entries are on the conformal unitarity threshold d = 2 + j1 + j2,
(j1j2 > 0), i.e., shall use as input formula (3.19). Thus, the character formula is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Pn1,n2 + e(α25)Pn1+1,n2 S1 + e(α46)Pn1,n2+1 S1 +
+ e(α26) e(α25)Pn1+2,n2 + e(α45) e(α46)Pn1,n2+2 +
+ e(α25) e(α46)Pn1+1,n2+1 S2 +
+
(
e(α26) e(α46) + e(α45) e(α25)
)
Pn1+1,n2+1 +
+
(
e(α26)Pn1+2,n2+1 + e(α45)Pn1+1,n2+2
)
e(α25) e(α46)S1 +
+ e(α26) e(α45) e(α25) e(α46)Pn1+2,n2+2
}
= (4.46a)
=
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Pn1,n2 + θ2 Pn1+1,n2 (1 + t5) + θ¯2 Pn1,n2+1 (1 + t5) +
+ θ1 θ2 Pn1+2,n2 + θ¯1 θ¯2 Pn1,n2+2 +
+ θ2 θ¯2 Pn1+1,n2+1 (1 + t5 + t
2
5) +
+
(
θ1 θ¯2 + θ¯1 θ2
)
Pn1+1,n2+1 +
+
(
θ1 Pn1+2,n2+1 + θ¯1 Pn1+1,n2+2
)
θ2 θ¯2 (1 + t5) +
+ θ1 θ¯1 θ2 θ¯2 Pn1+2,n2+2
}
(4.46b)
where we have used the characters of su(2) : S1 = 1+ t5 , S2 = 1+ t5+ t
2
5 , (t5 = e(α5)).
• j1 > 0 , j2 = 0 . Here hold bare character formulae (3.86) from [17] (without counter-
terms for r ≥ 4). The states X+36X
+
46 |Λ〉, X
+
15 |Λ〉 and their descendants are eliminated.
We recall from [17] that correspondingly to the values of r: r ≥ 4, r = 3, r = 2, r = 1,
r = 0, there are, respectively, 64, 63, 58, 45, 16 states. In the last case, where r = 0, we
eliminate the generator X+16 and exclude the generators X
+
3,4+k from the anti-chiral
sector. Then for z = j1 this is a
1
4
-BPS case.
We shall present the character only for the last case. The 16 states of the superfield
are:
|Λ〉 , X+25 |Λ〉 , X
+
46 |Λ〉 ,
31
X+26X
+
25 |Λ〉 , X
+
45X
+
46 |Λ〉 ,
X+25X
+
46 |Λ〉 , X
+
26X
+
46 |Λ〉 , X
+
45X
+
25 |Λ〉 ,
X+26X
+
25X
+
46 |Λ〉 , X
+
45X
+
25X
+
46 |Λ〉 ,
X+26X
+
45X
+
25X
+
46 |Λ〉 ,
X+35X
+
25X
+
46 |Λ〉 , X
+
36X
+
45X
+
25 |Λ〉 ,
X+35X
+
45X
+
25X
+
46 |Λ〉 , X
+
26X
+
35X
+
25X
+
46 |Λ〉 ,
X+26X
+
36X
+
45X
+
25 |Λ〉 . (4.47)
The states of (4.44) appear as the first 11 of (4.47), though the content is different:
[d ≡ 2 + j1, j1, 0 ; 0] , [d+
1
2 , j1 +
1
2 , 0 ; 1] , [d+
1
2 , j1,
1
2 ; 1] ,
[d+ 1, j1 + 1, 0 ; 0] , [d+ 1, j1, 1 ; 0] ,
[d+ 1, j1 +
1
2 ,
1
2 ; 2] , [d+ 1, j1 +
1
2 ,
1
2 ; 0] , [d+ 1, j1 +
1
2 ,
1
2 ; 0] ,
[d+ 3
2
, j1 + 1,
1
2
; 1] , [d+ 3
2
, j1 +
1
2
, 1 ; 1] ,
[d+ 2, j1 + 1, 1 ; 0] ,
[d+ 3
2
, j1 +
1
2
, 0 ; 1] , [d+ 3
2
, j1 +
1
2
, 0 ; 1] ,
[d+ 2, j1 +
1
2 ,
1
2 ; 0] , [d+ 2, j1 + 1, 0; 0] ,
[d+ 2, j1 + 1, 0 ; 0] . (4.48)
Since in all entries the value of d is above the conformal unitarity threshold, then we use
formula (3.17) for the conformal part of the character formula:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Q′n1 + θ2Q
′
n1+1
(1 + t5) + θ¯2Q
′
n1
(1 + t3) (1 + t5) +
+ θ1 θ2Q
′
n1+2
+ θ¯1 θ¯2Q
′
n1
(1 + t3 + t
2
3) +
+ θ2 θ¯2Q
′
n1+1 (1 + t3) (1 + t5 + t
2
5) +
+
(
θ1 θ¯2 + θ¯1 θ2
)
Q′n1+1 (1 + t3) +
+
(
θ1Q
′
n1+2 (1 + t3) + θ¯1Q
′
n1+1 (1 + t3 + t
2
3)
)
θ2 θ¯2 (1 + t5) +
+ θ1 θ¯1 θ2 θ¯2Q
′
n1+2
(1 + t3 + t
2
3) +
+
(
ϑ¯1 θ¯2 + ϑ¯2 θ¯1
)
θ2Q
′
n1+1
(1 + t5) +
+
(
ϑ¯1 θ¯2 + ϑ¯2 θ¯1
)
θ1 θ2Q
′
n1+2 +
+ ϑ¯1 θ¯1 θ2 θ¯2Q
′
n1+1 (1 + t3)
}
. (4.49)
where we have used Qn,1 = Q
′
n , Qn,2 = (1 + t3)Q
′
n , Qn,3 = (1 + t3 + t
2
3)Q
′
n .
The next case is conjugate to the preceding.
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• j1 = 0, j2 > 0 . Here hold bare character formulae (3.89) from [17] (without counter-
terms for r ≥ 4). The states X+15X
+
25 |Λ〉, X
+
36 |Λ〉 and their descendants are eliminated.
When r = 0, we eliminate the generator X+35 and exclude the generators X
+
1,4+k from
the chiral sector. Then for z = −j2 this is a
1
4
-BPS case. We consider only the latter
case. The 16 states of the superfield are:
|Λ〉 , X+25 |Λ〉 , X
+
46 |Λ〉 ,
X+26X
+
25 |Λ〉 , X
+
45X
+
46 |Λ〉 ,
X+25X
+
46 |Λ〉 , X
+
26X
+
46 |Λ〉 , X
+
45X
+
25 |Λ〉 ,
X+26X
+
25X
+
46 |Λ〉 , X
+
45X
+
25X
+
46 |Λ〉 ,
X+26X
+
45X
+
25X
+
46 |Λ〉 ,
X+16X
+
25X
+
46 |Λ〉 , X
+
15X
+
26X
+
46 |Λ〉 ,
X+16X
+
45X
+
25X
+
46 |Λ〉 , X
+
26X
+
15X
+
45X
+
46 |Λ〉 ,
X+26X
+
16X
+
25X
+
46 |Λ〉 . (4.50)
The states of (4.44) appear as the first 11 of (4.50), the same states as in (4.47), though
the content is different:
[d ≡ 2 + j2, 0, j2 ; 0] , [d+
1
2 ,
1
2 , j2 ; 1] , [d+
1
2 , 0, j2 +
1
2 ; 1] ,
[d+ 1, 1, j2 ; 0] , [d+ 1, 0, j2 + 1 ; 0] ,
[d+ 1, 12 , j2 +
1
2 ; 2] , [d+ 1,
1
2 , j2 +
1
2 ; 0] , [d+ 1,
1
2 , j2 +
1
2 ; 0] ,
[d+ 32 , 1, j2 +
1
2 ; 1] , [d+
3
2 ,
1
2 , j2 + 1 ; 1] ,
[d+ 2, 1, j2 + 1 ; 0] ,
[d+ 32 , 0, j2 +
1
2 ; 1] , [d+
3
2 , 0, j2 +
1
2 ; 1] ,
[d+ 2, 0, j2 + 1 ; 0] , [d+ 2, 0, j2 + 1 ; 0] ,
[d+ 2, 12 , j2 +
1
2 ; 0] . (4.51)
The character formula is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Qn3 + θ2Qn3 (1 + t1) (1 + t5) + θ¯2Qn3+1 (1 + t5) +
+ θ1 θ2Qn3 (1 + t1 + t
2
1) + θ¯1 θ¯2Qn3+2 +
+ θ2 θ¯2Qn3+1 (1 + t1) (1 + t5 + t
2
5) +
+
(
θ1 θ¯2 + θ¯1 θ2
)
Qn3+1 (1 + t1) +
+
(
θ1Qn3+1 (1 + t1 + t
2
1) + θ¯1Qn3+2 (1 + t1)
)
θ2 θ¯2 (1 + t5) +
+ θ1 θ¯1 θ2 θ¯2Qn3+2 (1 + t1 + t
2
1) +
+
(
ϑ1 θ2 + ϑ2 θ1
)
θ¯2Qn3+1 (1 + t5) +
33
+
(
ϑ1 θ2 + ϑ2 θ1
)
θ¯1 θ¯2Qn3+2 +
+ θ1 θ2 θ¯1 θ¯2Qn3+1 (1 + t1)
}
(4.52)
• j1 = j2 = 0. Here hold bare character formulae (3.92) from [17] (without counter-terms
for r ≥ 4). The states X+15X
+
25 |Λ〉, X
+
36X
+
46 |Λ〉 and their descendants are eliminated. We
recall from [17] that correspondingly to the values of r: r ≥ 4, r = 3, r = 2, r = 1, r = 0,
there are, respectively, 64, 63, 59, 47, 24 states. In the last case, when r = 0, we exclude
the generators X+3,4+k from the anti-chiral sector and the generators X
+
1,4+k from the
chiral sector and also the combination of impossible states:
X+15X
+
26X
+
36X
+
45 |Λ〉 . (4.53)
We shall consider only the 24 states of the UIR at r = 0 :
|Λ〉 , X+25 |Λ〉 , X
+
46 |Λ〉 ,
X+26X
+
25 |Λ〉 , X
+
45X
+
46 |Λ〉 ,
X+25X
+
46 |Λ〉 , X
+
26X
+
46 |Λ〉 , X
+
45X
+
25 |Λ〉 ,
X+26X
+
25X
+
46 |Λ〉 , X
+
45X
+
25X
+
46 |Λ〉 ,
X+26X
+
45X
+
25X
+
46 |Λ〉 ,
X+35X
+
25X
+
46 |Λ〉 , X
+
36X
+
45X
+
25 |Λ〉 ,
X+35X
+
45X
+
25X
+
46 |Λ〉 , X
+
26X
+
35X
+
25X
+
46 |Λ〉 ,
X+26X
+
36X
+
45X
+
25 |Λ〉 ,
X+16X
+
25X
+
46 |Λ〉 , X
+
15X
+
26X
+
46 |Λ〉 ,
X+16X
+
45X
+
25X
+
46 |Λ〉 , X
+
26X
+
15X
+
45X
+
46 |Λ〉 ,
X+26X
+
16X
+
25X
+
46 |Λ〉 ,
X+16X
+
25X
+
35X
+
46 |Λ〉 , X
+
16X
+
25X
+
36X
+
45 |Λ〉
X+15X
+
26X
+
35X
+
46 |Λ〉 . (4.54)
The states of (4.44) appear as the first 11 of (4.54), the states of (4.47) as the first 16 of
(4.54), the states of (4.50) as as the first 11 plus states 17-21 of (4.54), though of course
the contents is different:
[2, 0, 0 ; 0] , [ 52 ,
1
2 , 0 ; 1] , [
5
2 , 0,
1
2 ; 1] ,
[ 3
2
, 1, 0 ; 0] , [ 3
2
, 0, 1 ; 0] ,
[ 32 ,
1
2 ,
1
2 ; 2] , [
3
2 ,
1
2 ,
1
2 ; 0] , [
3
2 ,
1
2 ,
1
2 ; 0] ,
[ 72 , 1,
1
2 ; 1] , [
7
2 ,
1
2 , 1 ; 1] ,
[4, 1, 1 ; 0] ,
[ 72 ,
1
2 , 0 ; 1] , [
7
2 ,
1
2 , 0 ; 1] ,
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[4, 12 ,
1
2 ; 0] , [4, 1, 0; 0] ,
[4, 1, 0 ; 0] ,
[ 72 , 0,
1
2 ; 1] , [
7
2 , 0,
1
2 ; 1] ,
[4, 0, 1 ; 0] , [4, 0, 1 ; 0] ,
[4, 1
2
, 1
2
; 0] ,
[4, 0, 0; 0] , [4, 0, 0; 0] , [4, 0, 0; 0] (4.55)
The character formula is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
1 + θ2 (1 + t1) (1 + t5) + θ¯2 (1 + t3) (1 + t5) +
+ θ1 θ2 (1 + t1 + t
2
1) + θ¯1 θ¯2 (1 + t3 + t
2
3) +
+ θ2 θ¯2 (1 + t1) (1 + t3) (1 + t5 + t
2
5) +
+
(
θ1 θ¯2 + θ¯1 θ2
)
(1 + t1) (1 + t3) +
+
(
θ1 (1 + t1 + t
2
1) (1 + t3) + θ¯1 (1 + t1) (1 + t3 + t
2
3)
)
θ2 θ¯2 (1 + t5) +
+ θ1 θ¯1 θ2 θ¯2 (1 + t1 + t
2
1) (1 + t3 + t
2
3) +
+
(
ϑ¯1 θ¯2 + ϑ¯2 θ¯1
)
θ2 (1 + t1) (1 + t5) +
+
(
ϑ¯1 θ¯2 + ϑ¯2 θ¯1
)
θ1 θ2 (1 + t1 + t
2
1) +
+ ϑ¯1 θ¯1 θ2 θ¯2 (1 + t1) (1 + t3)
+
(
ϑ1 θ2 + ϑ2 θ1
)
θ¯2 (1 + t3) (1 + t5) +
+
(
ϑ1 θ2 + ϑ2 θ1
)
θ¯1 θ¯2 (1 + t3 + t
2
3) +
+ ϑ1 θ1 θ2 θ¯2 (1 + t3) (1 + t1) +
+ ϑ1 θ2 ϑ¯1 θ¯2 + ϑ1 θ2 ϑ¯2 θ¯1 + ϑ2 θ1 ϑ¯1 θ¯2
}
. (4.56)
•ad d = d121 = d
4
22 = 1 + j2 + r , j1 = 0, z = −1− j2 .
Here hold bare character formulae (3.95) from [17] when j2r > 0, (3.96) when j2 = 0, r > 0,
(both these cases without counter-terms for r ≥ 4), and finally when r = 0 holds (3.97)
independently of the value of j2 - these are the anti-chiral massless UIRs.
The generators X+15, X
+
25, and in addition X
+
36 for j2 > 0 (resp. the state X
+
36X
+
46 |Λ〉,
and its descendants for j2 = 0) are eliminated. The maximal number of states is 24 =
3(chiral)×8(anti-chiral), achieved for r ≥ 4. The chiral sector for r > 0 consists of the
states:
X+26 |Λ〉 , r ≥ 1 ,
X+16X
+
26 |Λ〉 , r ≥ 2 ,
(4.57)
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and the vacuum, while the anti-chiral sector is given by
X+46 , ε
a
r = 1 , ε
a
j = 1 ,
X+45X
+
46 , ε
a
r = 0 , ε
a
j = 2 ,
1 , X+35X
+
46 , ε
a
r = 0 , ε
a
j = 0 , (4.58a)
X+45 , X
+
45X
+
35X
+
46 , ε
a
r = −1 , ε
a
j = 1 ,
X+35 , ε
a
r = −1 , ε
a
j = −1 ,
X+35X
+
45 , ε
a
r = −2 , ε
a
j = 0
for j2 > 0 and by
X+46 , ε
a
r = 1 , ε
a
j = 1 ,
X+45X
+
46 , ε
a
r = 0 , ε
a
j = 2 ,
1 , X+35X
+
46 , X
+
45X
+
36 , ε
a
r = 0 , ε
a
j = 0 ,
X+45 , X
+
45X
+
35X
+
46 , ε
a
r = −1 , ε
a
j = 1 ,
X+35X
+
45 , ε
a
r = −2 , ε
a
j = 0
(4.59)
for j2 = 0. Finally, for r = 0 also the generators X
+
16, X
+
26, X
+
35 are eliminated.
The possible 24 states for j2 > 0 are given explicitly as:
|Λ〉 , X+46 |Λ〉 , X
+
45X
+
46 |Λ〉 , r ≥ 0 , (4.60)
X+26 |Λ〉 , X
+
45 |Λ〉 , r ≥ 1
X+35X
+
46 |Λ〉 , X
+
26X
+
46 |Λ〉 , r ≥ 1 ,
X+26X
+
45X
+
46 |Λ〉 , X
+
26X
+
35X
+
46 |Λ〉 , r ≥ 1 ,
X+16X
+
26X
+
46 |Λ〉 , X
+
45X
+
35X
+
46 |Λ〉 , r ≥ 1 ,
X+35 |Λ〉 , r ≥ 1 , (∗)
X+26X
+
45 |Λ〉 , X
+
16X
+
26 |Λ〉 , X
+
35X
+
45 |Λ〉 , r ≥ 2 ,
X+26X
+
45X
+
35X
+
46 |Λ〉 , X
+
16X
+
26X
+
45X
+
46 |Λ〉 , X
+
16X
+
26X
+
35X
+
46 |Λ〉 , r ≥ 2 ,
X+26X
+
35 |Λ〉 , r ≥ 2 , (∗)
X+26X
+
35X
+
45 |Λ〉 , X
+
16X
+
26X
+
45 |Λ〉 , X
+
16X
+
26X
+
45X
+
35X
+
46 |Λ〉 , r ≥ 3 ,
X+16X
+
26X
+
35 |Λ〉 , r ≥ 3 , (∗)
X+16X
+
26X
+
35X
+
45 |Λ〉 , r ≥ 4 .
Correspondingly to the values of r: r ≥ 4, r = 3, r = 2, r = 1, r = 0, there are,
respectively, 24, 23, 19, 12, 3 states. Three states are marked with (∗) - these states are
not present when j2 = 0. Thus, the 24 states for j2 = 0 are given as the 21 from (4.60)
without (∗) and the following 3 states:
X+36X
+
45 |Λ〉 , X
+
26X
+
36X
+
45 |Λ〉 , r ≥ 1 ,
X+16X
+
26X
+
36X
+
45 |Λ〉 , r ≥ 2 . (4.61)
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Thus, for j2 = 0 correspondingly to the values of r there are, respectively, 24, 23, 20, 13, 3 states.
The content of the states in (4.60) is as follows:
[d ≡ 1 + j2 + r, 0, j2 ; r] , [d+
1
2 , 0, j2 +
1
2 ; r + 1] , [d+ 1, 0, j2 + 1 ; r] , r ≥ 0
[d+ 12 ,
1
2 , j2 ; r − 1] , [d+
1
2 , 0, j2 +
1
2 ; r − 1] , r ≥ 1
[d+ 1, 0, j2 ; r] , [d+ 1,
1
2
, j2 +
1
2
; r] , r ≥ 1
[d+ 32 ,
1
2 , j2 + 1 ; r − 1] , [d+
3
2 ,
1
2 , j2 ; r − 1] , r ≥ 1
[d+ 3
2
, 0, j2 +
1
2
; r − 1] , [d+ 3
2
, 0, j2 +
1
2
; r − 1] , r ≥ 1
[d+ 12 , 0, j2 −
1
2 ; r − 1] , r ≥ 1 (∗)
[d+ 1, 1
2
, j2 +
1
2
; r − 2] , [d+ 1, 0, j2 ; r − 2] , [d+ 1, 0, j2 ; r − 2] , r ≥ 2
[d+ 2, 12 , j2 +
1
2 ; r − 2] , [d+ 2, 0, j2 + 1 ; r − 2] , [d+ 2, 0, j2 ; r − 2] , r ≥ 2
[d+ 1, 12 , j2 −
1
2 ; r − 2] , r ≥ 2 , (∗)
[d+ 32 ,
1
2 , j2 ; r − 3] , [d+
3
2 , 0, j2 +
1
2 ; r − 3] , [d+
5
2 , 0, j2 +
1
2 ; r − 3] , r ≥ 3 ,
[d+ 32 , 0, j2 −
1
2 ; r − 3] , r ≥ 3 , (∗)
[d+ 2, 0, j2 ; r − 4] , r ≥ 4 . (4.62)
and for the states in (4.61):
[d+ 1, 0, j2 ; r] , [d+ 1,
1
2
, j2 ; r − 1] , r ≥ 1
[d+ 2, 0, j2 ; r − 2] , r ≥ 2 . (4.63)
The character formula for r > 0 is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Qn3 Sr + θ¯2Qn3+1 Sr+1 + θ¯1 θ¯2Qn3+2 Sr +
+ θ1 (1 + t1)Qn3 Sr−1 + θ¯1Qn3+1 Sr−1 +
+ ϑ¯1 θ¯2Qn3 Sr + θ1 θ¯2 (1 + t1)Qn3+1 Sr +
+ θ1 θ¯1 θ¯2 (1 + t1)Qn3+2 Sr−1 + θ1 ϑ¯1 θ¯2 (1 + t1)Qn3 Sr−1 +
+ ϑ1 θ1 θ¯2Qn3+1 Sr−1 + θ¯1 ϑ¯1 θ¯2Qn3+1 Sr−1 +
+ ϑ¯1Qn3−1 Sr−1 +
+ θ1 θ¯1 (1 + t1)Qn3+1 Sr−2 + ϑ1 θ1Qn3 Sr−2 +
+ ϑ¯1 θ¯1Qn3 Sr−2 +
+ θ1 θ¯1 ϑ¯1 θ¯2 (1 + t1)Qn3+1 Sr−2 +
+ ϑ1 θ1 θ¯1 θ¯2Qn3+2 Sr−2 +
+ ϑ1 θ1 ϑ¯1 θ¯2Qn3 Sr−2 +
+ θ1 ϑ¯1 (1 + t1)Qn3−1 Sr−2 +
+ θ1 ϑ¯1 θ¯1 (1 + t1)Qn3 Sr−3 + ϑ1 θ1 θ¯1Qn3+1 Sr−3 +
37
+ ϑ1 θ1 θ¯1 ϑ¯1 θ¯2Qn3+1 Sr−3 +
+ ϑ1 θ1 ϑ¯1Qn3−1 Sr−3 +
+ ϑ1 θ1 ϑ¯1 θ¯1Qn3 Sr−4 +
+ δj2,0 ϑ¯2 θ¯1Qn3 Sr + δj2,0 θ1 ϑ¯2 θ¯1 (1 + t1)Qn3 Sr−1 +
+ δj2,0 ϑ1 θ1 ϑ¯2 θ¯1Qn3 Sr−2
}
(4.64)
where we use the su(2) character factors Sp =
∑p
s=0 t
s
5 for p ∈ ZZ+ , and for continuity
we use: Sp = 0 for p ∈ −IN , we also use the convention Qp = 0 for p ≤ 0. Thus, the
formula is valid for all r > 0 and for all j2 .
For r = 0 we have the character formula for the anti-chiral massless UIRs and we have
to use the massless conformal characters (3.21),(3.22),(3.23):
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Pn3 + θ¯2 Pn3+1 (1 + t5) + θ¯1 θ¯2 Pn3+2
}
. (4.65)
•bc d = d221 = d
3
22 = 1 + j1 + r , j2 = 0, z = 1 + j1 .
Here hold bare character formulae (3.98) from [17] when j1r > 0, (3.99) when j1 = 0, r > 0,
(both these cases without counter-terms for r ≥ 4), and finally when r = 0 holds (3.100)
independently of the value of j1 - these are the chiral massless UIRs.
This case is conjugate to the previous one ad and everything may be obtained from it
by the mirror symmetry. We give only the character of the chiral massless case:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
P ′n1 + θ2 P
′
n1+1
(1 + t5) + θ1 θ2 P
′
n1+2
}
. (4.66)
•bd d = d221 = d
4
22 = r , j1 = j2 = 0 = z .
The generators X+15, X
+
25, X
+
36, X
+
46 are eliminated. Thus, for r > 1 these are
1
2
-BPS
cases. For r = 1 also the generators X+16, X
+
35 are eliminated. Thus, the latter is a
3
4 -BPS case, and it is also the N = 2 mixed massless irrep. For r = 0 the remaining two
generators X+26, X
+
45 are eliminated and we have the trivial irrep as explained in general.
For r > 0 the bare character formula is (3.101) from [17] with i0 = i
′
0 = 0. The
maximal number of states is nine and the list of states together with the conditions when
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they exist are:
|Λ〉 , r ≥ 0 ,
X+26 |Λ〉 , X
+
45 |Λ〉 , r ≥ 1 ,
X+16X
+
26 |Λ〉 , X
+
35X
+
45 |Λ〉 , X
+
26X
+
45 |Λ〉 , r ≥ 2 ,
X+16X
+
26X
+
45 |Λ〉 , X
+
26X
+
35X
+
45 |Λ〉 , r ≥ 3 ,
X+16X
+
26X
+
35X
+
45 |Λ〉 , r ≥ 4 .
(4.67)
Thus, correspondingly to the values of r we have 9, 8, 6, 3, 1 states in the superfield
decomposition. The mixed massless 34 -BPS irrep is obtained for d = r = 1 and consists
of the first three states above (as was shown in general).
The explicit character formula for r > 1 is:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
Sr + θ1 (1 + t1)Sr−1 + θ¯1 (1 + t3)Sr−1 +
+ ϑ1 θ1 Sr−2 + ϑ¯1 θ¯1 Sr−2 + θ1 θ¯1 (1 + t1) (1 + t3)Sr−2 +
+ ϑ1 θ1 θ¯1 (1 + t3)Sr−3 + θ1 ϑ¯1 θ¯1 (1 + t1)Sr−3 +
+ ϑ1 θ1 ϑ¯1 θ¯1 Sr−4
}
(4.68)
where we have used the conformal factor Qn1,n3 from (3.17) (only for n1, n3 ≤ 2),
For the 34 -BPS mixed massless irrep, r = 1, we have to use the massless conformal
characters from (3.22),(3.23),(3.25), and we have:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
(1− t2t13) (1 + t5) + θ1 (1 + t1 − t12 − t13) + θ¯1 (1 + t3 − t23 − t13)
}
(4.69)
4.3. N=4
For N = 4 we consider only some important examples.
First we introduce notation for the odd roots when N = 4 using (2.13) :
α25 = γ3 , α26 = γ3 + α5 , α27 = γ3 + α5 + α6 , α28 = γ3 + α5 + α6 + α7 ,
α1k = α1 + α2k , k = 5, 6, 7, 8;
α45 = γ4 + α5 + α6 + α7 , α46 = γ4 + α5 + α6 , α47 = γ4 + α5 , α48 = γ4 ,
α3k = α3 + α4k , k = 5, 6, 7, 8 .
(4.70)
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Note that as a consequence of our mirror symmetry (2.15) we have:
α15 ←→ α38 , α16 ←→ α37 , α17 ←→ α36 , α18 ←→ α35 ,
α25 ←→ α48 , α26 ←→ α47 , α27 ←→ α46 , α28 ←→ α45 .
(4.71)
For the characters we shall need also the following notation:
ϑk ≡ e(α1,9−k) , θk ≡ e(α2,9−k) , k = 1, 2, 3, 4
ϑ¯k ≡ e(α3,4+k) , θ¯k ≡ e(α4,4+k) , k = 1, 2, 3, 4 .
(4.72)
•First we consider the massless multiplets. As in all cases when N > 1 there are three
cases of massless multiplets. In our classification they are DRC cases ad, bc, bd.
•ad d = d141 = d
4
44 = d
ad = 1 + j2 = −z , j1 = 0 , ri = 0, ∀ i ,
and all generators X+1,4+k , X
+
2,4+k , X
+
3,4+k are eliminated. These anti-chiral irreps were
denoted χ+s , s = j2 = 0,
1
2 , 1, . . ., in Section 3 of [4]. Besides the vacuum they contain
only N states in LˆΛ and should be called ultrashort UIRs. The bare character formula
can be written in the most explicit way [17]:
ch LˆΛ = 1 + e(α48) + e(α47) e(α48) + e(α46) e(α47) e(α48) +
+ e(α45) e(α46) e(α47) e(α48) . (4.73)
Their signatures are:
[d ≡ 1 + j2; 0, j2 ; 0, 0, 0] , [d+
1
2
; 0, j2 +
1
2
; 1, 0, 0] , [d+ 1; 0, j2 + 1 ; 0, 1, 0] ,
[d+ 32 ; 0, j2 +
3
2 ; 0, 0, 1] , [d+ 2; 0, j2 + 2 ; 0, 0, 0] , (4.74)
All conformal entries are on the massless unitarity threshold, thus for the conformal entries
we must use formula (3.21). For the su(4) entries we use formulae from (3.35). Then we
have the explicit character formula for the anti-chiral massless case:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.75)
×
{
Pn3 + θ¯4 Pn3+1 S100 + θ¯3θ¯4 Pn3+2 S010 +
+ θ¯2θ¯3θ¯4 Pn3+3 S001 + θ¯1θ¯2θ¯3θ¯4 Pn3+4
}
•bc d = d241 = d
3
44 = d
bc = 1 + j1 = z , j2 = 0 , ri = 0, ∀ i ,
and all generators X+1,4+k , X
+
3,4+k , X
+
4,4+k are eliminated. These chiral irreps were
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denoted χs , s = j1 = 0,
1
2 , 1, . . ., in Section 3 of [4]. Besides the vacuum they contain
only N states in LˆΛ and should be called ultrashort UIRs. The bare character formula
is [17]:
ch LˆΛ = 1 + e(α25) + e(α26) e(α25) + e(α27) e(α26) e(α25) +
+ e(α28) e(α27) e(α26) e(α25) . (4.76)
Their signatures are:
[d ≡ 1 + j1; j1, 0 ; 0, 0, 0] , [d+
1
2
; j1 +
1
2
, 0 ; 0, 0, 1] , [d+ 1; j1 + 1, 0 ; 0, 1, 0] ,
[d+ 32 ; j1 +
3
2 , 0 ; 1, 0, 0] , [d+ 2; j1 + 2, 0 ; 0, 0, 0] , (4.77)
All conformal entries are on the massless unitarity threshold, thus we use formula (3.24).
Then we have the explicit character formula for the chiral massless case:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.78)
×
{
P ′n1 + θ4 P
′
n1+1
S001 + θ3θ4 P
′
n1+2
S010 +
+ θ2θ3θ4 P
′
n1+3
S100 + θ1θ2θ3θ4 P
′
n1+4
}
We note the mirror symmetry between character formulae (4.75) and (4.78).
•bd d = d241 = d
4
44 = m1 = 1, i0 = 0, 1, 2 , z = (i0 − 1)/2 , j1 = j2 =
0 , ri = δi,i0+1 .
In Section 3 of [4] they are parametrized by n = 2, 3, and denoted by χ′n , n = m,
(z = n/2 − 1), χ′+n , n = N −m, (z = 1 − n/2), but there is the coincidence for n = 2:
χ′2 = χ
′+
2 . Here they are enumerated by the parameter i0. The self-conjugate case
(i0 = 1, z = 0) is a
3
4–BPS state. The following generators are eliminated: the chiral
X+1k, ∀k, X
+
2k, k = 5, . . . , 5 + i0, and the anti-chiral X
+
3k, ∀k, X
+
4,N+4−k, k = 0, . . . , i0.
The bare character formula is [17]:
ch LˆΛ = 1 +
i0∑
j=0
i0∏
i=j
e(α2,8−i) +
3−i0∑
k=1
3−i0∏
i=k
e(α4,4+i) (4.79)
We write out the signatures for the three subcases separately:
[1; 0, 0 ; 1, 0, 0] , [ 32 ;
1
2 , 0 ; 0, 0, 0] , [
3
2 ; 0,
1
2 ; 0, 1, 0] , (4.80)
[2; 0, 1 ; 0, 0, 1] , [ 5
2
; 0, 1 ; 0, 0, 0] , i0 = 0
[1; 0, 0 ; 0, 1, 0] , [ 32 ;
1
2 , 0 ; 1, 0, 0] , [2; 1, 0 ; 0, 0, 0] ,
[ 32 ; 0,
1
2 ; 0, 0, 1] , [2; 0, 1 ; 0, 0, 0] , i0 = 1
[1; 0, 0 ; 0, 0, 1] , [ 32 ;
1
2 , 0 ; 0, 1, 0] , [2; 1, 0 ; 1, 0, 0] ,
[ 52 ;
3
2 , 0 ; 0, 0, 0] , [
3
2 ; 0,
1
2 ; 0, 0, 0] , i0 = 2
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All conformal entries are on the massless unitarity threshold, thus we use formulae (3.21)
and (3.24). Then we have the explicit character formula for the mixed chiral – anti-chiral
massless cases:
chL0Λ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.81a)
×
{
(1− t2t13)S100 + θ2 (1 + t1 − t12 − t13) + θ¯3 (1 + t3 − t23 − t13)S010 +
+ θ¯2 θ¯3 P3(t3)S001 + θ¯1 θ¯2 θ¯3 P4(t3)
}
chL1Λ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.81b)
×
{
(1− t2t13)S010 + θ2 (1 + t1 − t12 − t13)S100 + θ1 θ2 P
′
3(t1) +
+ θ¯2 (1 + t3 − t23 − t13)S001 + θ¯1 θ¯2 P3(t3)
}
chL2Λ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.81c)
×
{
(1− t2t13)S001 + θ3 (1 + t1 − t12 − t13)S010 + θ2 θ3 P
′
3(t1)S100 +
+ θ1 θ2 θ3 P
′
4(t1) + θ¯2 (1 + t3 − t23 − t13)
}
We note the mirror symmetry between character formulae (4.81a) and (4.81c), while
(4.81b) is self-conjugate (as expected).
• Next we consider the graviton supermultiplet [57]. In our classification this is a DRC
case:
•bd d = d241 = d
4
44 = d
bd = m1 = 2 , j1 = j2 = 0 , r2 = 2, r1 = r3 = 0, z = 0.
Here are eliminated generators X+1k , X
+
2k for k = 5, 6 and generators X
+
3k , X
+
4k for
k = 7, 8 and this is a 12 -BPS case.
The bare character formula is (3.101) from [17] taken for the case i0 = i
′
0 = 1 :
ch LˆΛ =
∏
α∈∆
+
1¯
α6=αj,5+N−k
j=3,4 , k=1,2
α6=α
j′,4+k′
j′=1,2 , k′=1,2
(1 + e(α)) − R (4.82a)
Explicitly, the states (fields) are:
|Λ〉 , [2; 0, 0; 0, 2, 0], ϕ(1)
X+27 |Λ〉 , [
5
2
; 1
2
, 0 ; 1, 1, 0] , λ+(1)
42
X+46 |Λ〉 , [
5
2 ; 0,
1
2 ; 0, 1, 1] λ
−
(1)
X+17X
+
27 |Λ〉 , [3 ; 0, 0 ; 2, 0, 0] , ϕ(2)
X+36X
+
46 |Λ〉 , [3 ; 0, 0 ; 0, 0, 2] , ϕ¯(2)
X+18X
+
27 |Λ〉 , [3 ; 0, 0 ; 0, 1, 0] , ∗ϕ
′
(2)
X+35X
+
46 |Λ〉 , [3 ; 0, 0 ; 0, 1, 0] , ∗ϕ
′′
(2)
X+28X
+
27 |Λ〉 , [3 ; 1, 0 ; 0, 1, 0] , A
+
µν
X+45X
+
46 |Λ〉 , [3 ; 0, 1 ; 0, 1, 0] , A
−
µν
X+46X
+
27 |Λ〉 , [3 ;
1
2 ,
1
2 ; 1, 0, 1] , Aµ
X+28X
+
17X
+
27 |Λ〉 , [
7
2 ;
1
2 , 0 ; 1, 0, 0] , λ
+
2
X+35X
+
27X
+
46 |Λ〉 , [
7
2 ;
1
2 , 0 ; 1, 0, 0] , ∗λ
′+
2
X+45X
+
36X
+
46 |Λ〉 , [
7
2 ; 0,
1
2 ; 0, 0, 1] , λ
−
2
X+18X
+
46X
+
27 |Λ〉 , [
7
2 ; 0,
1
2 ; 0, 0, 1] , ∗λ
′−
2
X+28X
+
46X
+
27 |Λ〉 , [
7
2 ; 1,
1
2 ; 0, 0, 1] , ψ
+
µ
X+45X
+
27X
+
46 |Λ〉 , [
7
2 ;
1
2 , 1 ; 1, 0, 0] , ψ
−
µ
X+18X
+
28X
+
17X
+
27 |Λ〉 , [4; 0, 0; 0, 0, 0], ϕ(3)
X+35X
+
45X
+
36X
+
46 |Λ〉 , [4; 0, 0; 0, 0, 0], ϕ(3)
X+18X
+
35X
+
46X
+
27 |Λ〉 , [4; 0, 0; 0, 0, 0], ∗ϕ(3)
X+28X
+
35X
+
46X
+
27 |Λ〉 , [4; 1, 0; 0, 0, 0], ∗B
+
µν
X+18X
+
45X
+
27X
+
46 |Λ〉 , [4; 0, 1; 0, 0, 0], ∗B
−
µν
X+28X
+
45X
+
27X
+
46 |Λ〉 , [4; 1, 1; 0, 0, 0], hµν
(4.83)
This multiplet appeared first in [57] and we use their notation for the states, though we
should note that the fields marked with ∗ are missing there (though for some it is just a
question of multiplicity).
For the conformal entries in the explicit character formula we shall use formula (3.19)
for the fields on the unitarity threshold: graviton hµν , gravitini ψ
±
µ , vector Aµ , and
formula (3.17) for the rest. Thus, we have:
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
× (4.84)
×
{
S020 + θ2 S110 (1 + t1) + θ¯2 S011 (1 + t3) +
+ θ2 θ¯2 S101 (1 + t1) (1 + t3) +
+
(
θ1 θ2 (1 + t1 + t
2
1) + θ¯1 θ¯2 (1 + t3 + t
2
3)
)
S010 +
+ (θ2 ϑ1 + θ¯2 ϑ¯1)S010 + ∗
43
+ θ2 ϑ2 S200 + θ¯2 ϑ¯2 S002 +
+ θ2
(
θ1 ϑ2 + θ¯2 ϑ¯1
)
(1 + t1)S100 + ∗
′
+ θ¯2
(
θ¯1 ϑ¯2 + θ2 ϑ1
)
(1 + t3)S001 + ∗
′
+ θ2 θ¯2
(
θ1 (1 + t1 + t
2
1) (1 + t3)S001 + θ¯1 (1 + t1) (1 + t3 + t
2
3)S100
)
+ θ1 θ2 ϑ1 ϑ2 + θ¯1 θ¯2 ϑ¯1 ϑ¯2 + θ2 ϑ1 θ¯2 ϑ¯1 + ∗
′
+ θ2 θ¯2
(
θ1 ϑ¯1 (1 + t1 + t
2
1) + ϑ1 θ¯1 (1 + t3 + t
2
3)
)
+ ∗
+ θ1 θ2 θ¯1 θ¯2 (1 + t1 + t
2
1) (1 + t3 + t
2
3)
}
where ∗ designates a line that would be missing if we use [57], a ∗′ designates a line
from which the last term would be missing.
• Next we consider the Konishi supermultiplet, [58], this the spinless R-symmetry scalar
on the unitarity threshold, thus, d = 2. In our classification this is a DRC case ac :
•ac d = dmax = d
1
N1 = d
3
NN = d
ac = 2 , j1 = j2 = 0 , ri = 0, ∀ i , z = 0.
Here all generators X+1k and X
+
3k are eliminated and this is
1
2 -BPS case.
The bare character formula is (3.84) from [17]:
ch LˆΛ =
N∑
k=1
k∏
i=1
e(α2,4+i) +
N∑
k=1
k∏
i=1
e(α4,5+N−i) +
+
∏
α∈∆
+
1¯
ε2>0, ε4>0
(1 + e(α)) − R .
(4.85)
The states of the first line of (4.85) are the four chiral and anti-chiral states of this case:
X+25 |Λ〉 , X
+
26 X
+
25 |Λ〉 , X
+
27X
+
26X
+
25 |Λ〉 , X
+
28X
+
27X
+
26X
+
25 |Λ〉 ,
X+48 |Λ〉 , X
+
47X
+
48 |Λ〉 , X
+
46X
+
47X
+
48 |Λ〉 , X
+
45X
+
46X
+
47X
+
48 |Λ〉 .
(4.86)
All other states (besides the vacuum) are of mixed chirality, and our first task is to make
explicit the second line of the above formula (4.85). It turns out that the counter-term has
22 states and there remain 42 states contributing to this 2nd line, which explicitly are:
|Λ〉 , X+25X
+
48 |Λ〉 , ∗
X+45X
+
25 |Λ〉 , X
+
28X
+
48 |Λ〉 ,
X+28X
+
25X
+
48 |Λ〉 , X
+
45X
+
25X
+
48 |Λ〉 ,
44
X+26X
+
25X
+
48 |Λ〉 , X
+
47X
+
25X
+
48 |Λ〉 ,
X+46X
+
26X
+
25 |Λ〉 , X
+
27X
+
47X
+
48 |Λ〉 ,
X+46X
+
26X
+
25X
+
48 |Λ〉 , X
+
27X
+
47X
+
25X
+
48 |Λ〉 ,
X+47X
+
26X
+
25X
+
48 |Λ〉 , X
+
28X
+
45X
+
25X
+
48 |Λ〉 , ∗
X+45X
+
46X
+
26X
+
25 |Λ〉 , X
+
28X
+
27X
+
47X
+
48 |Λ〉 ,
X+27X
+
26X
+
25X
+
48 |Λ〉 , X
+
46X
+
47X
+
25X
+
48 |Λ〉 ,
X+26X
+
28X
+
25X
+
48 |Λ〉 , X
+
45X
+
47X
+
25X
+
48 |Λ〉 ,
X+47X
+
27X
+
26X
+
25 |Λ〉 , X
+
26X
+
46X
+
47X
+
48 |Λ〉 , (4.87)
X+46X
+
47X
+
27X
+
26X
+
25 |Λ〉 , X
+
27X
+
26X
+
46X
+
47X
+
48 |Λ〉 ,
X+28X
+
46X
+
26X
+
25X
+
48 |Λ〉 , X
+
45X
+
27X
+
47X
+
25X
+
48 |Λ〉 ,
X+28X
+
27X
+
47X
+
25X
+
48 |Λ〉 , X
+
45X
+
46X
+
26X
+
25X
+
48 |Λ〉 ,
X+26X
+
27X
+
47X
+
25X
+
48 |Λ〉 , X
+
47X
+
46X
+
26X
+
25X
+
48 |Λ〉 ,
X+28X
+
27X
+
26X
+
25X
+
48 |Λ〉 , X
+
45X
+
46X
+
47X
+
25X
+
48 |Λ〉 ,
X+28X
+
45X
+
46X
+
26X
+
25X
+
48 |Λ〉 , X
+
45X
+
28X
+
27X
+
47X
+
25X
+
48 |Λ〉 ,
X+45X
+
46X
+
47X
+
27X
+
26X
+
25 |Λ〉 , X
+
28X
+
27X
+
26X
+
46X
+
47X
+
48 |Λ〉 ,
X+47X
+
28X
+
27X
+
26X
+
25X
+
48 |Λ〉 , X
+
26X
+
45X
+
46X
+
47X
+
25X
+
48 |Λ〉 ,
X+46X
+
47X
+
28X
+
27X
+
26X
+
25X
+
48 |Λ〉 , X
+
27X
+
26X
+
45X
+
46X
+
47X
+
25X
+
48 |Λ〉 ,
X+46X
+
27X
+
47X
+
26X
+
25X
+
48 |Λ〉 , X
+
28X
+
27X
+
26X
+
45X
+
46X
+
47X
+
25X
+
48 |Λ〉 , ∗
where ∗ denotes lines in which the states are self-conjugate, while in all other cases the
two states in each line are conjugate to each other. The corresponding signatures of both
(4.86) and (4.87) are:
[ 52 ;
1
2 , 0 ; 0, 0, 1] , [3; 1, 0 ; 0, 1, 0] , [
7
2 ;
3
2 , 0 ; 1, 0, 0] , [4; 2, 0 ; 0, 0, 0] ,
[ 5
2
; 0, 1
2
; 1, 0, 0] , [3; 0, 1 ; 0, 1, 0] , [ 7
2
; 0, 3
2
; 0, 0, 1] , [4; 0, 2 ; 0, 0, 0] ,
[2; 0, 0 ; 0, 0, 0] , [3; 12 ,
1
2 ; 1, 0, 1] ,
[3; 1
2
, 1
2
; 0, 0, 0] , [3; 1
2
, 1
2
; 0, 0, 0] ,
[ 72 ; 1,
1
2 ; 0, 0, 1] , [
7
2 ;
1
2 , 1 ; 1, 0, 0] ,
[ 72 ; 1,
1
2 ; 1, 1, 0] , [
7
2 ;
1
2 , 1 ; 0, 1, 1] ,
[ 7
2
; 1, 1
2
; 0, 0, 1] , [ 7
2
; 1
2
, 1 ; 1, 0, 0] ,
[4; 1, 1 ; 1, 0, 1] , [4; 1, 1 ; 1, 0, 1] ,
[4; 1, 1 ; 0, 2, 0] , [4; 1, 1 ; 0, 0, 0] ,
[4; 1, 1 ; 0, 0, 0] , [4; 1, 1 ; 0, 0, 0] ,
[4; 3
2
, 1
2
; 2, 0, 0] , [4; 1
2
, 3
2
; 0, 0, 2] ,
[4; 32 ,
1
2 ; 0, 1, 0] , [4;
1
2 ,
3
2 ; 0, 1, 0] ,
[4; 32 ,
1
2 ; 0, 1, 0] , [4;
1
2 ,
3
2 ; 0, 1, 0] ,
[ 92 ;
3
2 , 1 ; 0, 0, 1] , [
9
2 ; 1,
3
2 ; 1, 0, 0] ,
[ 92 ;
3
2 , 1 ; 0, 0, 1] , [
9
2 ; 1,
3
2 ; 1, 0, 0] ,
45
[ 92 ;
3
2 , 1 ; 0, 0, 1] , [
9
2 ; 1,
3
2 ; 1, 0, 0] ,
[ 92 ;
3
2 , 1 ; 1, 1, 0] , [
9
2 ; 1,
3
2 ; 0, 1, 1] ,
[ 92 ; 2,
1
2 ; 1, 0, 0] , [
9
2 ;
1
2 , 2 ; 0, 0, 1] ,
[5; 32 ,
3
2 ; 0, 0, 0] , [5;
3
2 ,
3
2 ; 0, 0, 0] ,
[5; 3
2
, 3
2
; 0, 0, 0] , [5; 3
2
, 3
2
; 0, 0, 0] ,
[5; 2, 1 ; 0, 1, 0] , [5; 1, 2 ; 0, 1, 0] ,
[ 11
2
; 2, 3
2
; 0, 0, 1] , [ 11
2
; 3
2
, 2 ; 1, 0, 0] ,
[5; 32 ,
3
2 ; 1, 0, 1] , [6; 2, 2 ; 0, 0, 0] , (4.88)
where the first two lines are the eight states in (4.86) and the rest are from (4.87).
Note that for all conformal signatures holds: d−j1−j2 = 2. For j1j2 6= 0 this is on the
conformal unitarity threshold and then we shall use formula (3.19). For j1j2 = 0 this is
above the conformal unitarity threshold and then we shall use the generic formula (3.17).
chLΛ =
e(Λ)
(1− t2)(1− t1t2)(1− t2t3)(1− t1t2t3)
×
×
{
θ4(1 + t1)S001 + θ3 θ4(1 + t1 + t
2
1)S010 +
+ θ2 θ3 θ4(1 + t1 + t
2
1 + t
3
1)S100 +
+ θ1 θ2 θ3 θ4(1 + t1 + t
2
1 + t
3
1 + t
4
1) +
+ θ¯4(1 + t3)S100 + θ¯3 θ¯4(1 + t3 + t
2
3)S010 +
+ θ¯2 θ¯3 θ¯4(1 + t3 + t
2
3 + t
3
3)S001 +
+ θ¯1 θ¯2 θ¯3 θ¯4(1 + t3 + t
2
3 + t
3
3 + t
4
3) +
+ 1 +
(
θ4 θ¯4 S101 + θ¯1 θ4 + θ1 θ¯4
)
P22+
+
((
θ1 θ4 θ¯4 + θ¯2 θ3 θ4
)
S001 + θ3 θ4 θ¯4 S110
)
P3,2 +
+
((
θ¯1 θ4 θ¯4 + θ2 θ¯3 θ¯4
)
S100 + θ¯3 θ4 θ¯4 S011
)
P2,3 +
+
((
θ¯2 θ3 θ4 θ¯4 + θ2 θ¯3 θ4 θ¯4
)
S101 + θ¯3 θ3 θ4 θ¯4 S020 +
+ θ1 θ¯1 θ4 θ¯4 + θ¯1 θ¯2 θ3 θ4 + θ1 θ2 θ¯3 θ¯4
)
P3,3 +
+
((
θ1 θ¯4 + θ¯3 θ2
)
S010 + θ2 θ¯4 S200
)
θ3 θ4 P4,2 +
+
((
θ¯1 θ4 + θ3 θ¯2
)
S010 + θ¯2 θ4 S002
)
θ¯3 θ¯4 P2,4 +
+
((
θ2 θ3 θ¯2 θ¯3 + θ1 θ¯2 θ3 θ¯4 + θ1 θ2 θ¯3 θ¯4
)
S001 +
+ θ3 θ2 θ¯3 θ¯4 S110
)
θ4 P4,3 +
+
((
θ2 θ3 θ¯2 θ¯3 + θ¯1 θ2 θ¯3 θ4 + θ¯1 θ¯2 θ3 θ4
)
S100 +
46
+ θ¯3 θ¯2 θ3 θ4 S011
)
θ¯4 P3,4 +
+ θ1 θ2 θ3 θ4 θ¯4 S100 P5,2 + θ¯1 θ¯2 θ¯3 θ¯4 θ4 S001 P2,5 +
+
(
θ1 θ¯1 θ¯2 θ3 θ4 θ¯4 + θ1 θ¯1 θ2 θ¯3 θ4 θ¯4 +
+ θ¯1 θ2 θ¯2 θ3 θ¯3 θ4 + θ1 θ2 θ¯2 θ3 θ¯3 θ¯4 +
+ θ2 θ¯2 θ3 θ¯3 θ4 θ¯4 S101
)
P4,4 +
+
(
θ1 θ2 θ3 θ¯3 θ4 θ¯4 P5,3 + θ¯1 θ¯2 θ3 θ¯3 θ4 θ¯4 P3,5
)
S101 +
+ θ1 θ2 θ3 θ4 θ¯2 θ¯3 θ¯4 P5,4 S001 + θ¯1 θ¯2 θ¯3 θ¯4 θ2 θ3 θ4 P4,5 S100 +
+ θ1 θ2 θ3 θ4 θ¯1 θ¯2 θ¯3 θ¯4 P5,5
}
. (4.89)
5. Outlook
With the present paper we continue the project of construction of the character formu-
lae for the positive energy unitary irreducible representations of the N -extended D = 4
conformal superalgebras su(2, 2/N). In the first paper we presented the bare characters
which represent the defining odd entries of the characters. Now we give the full explicit
character formulae for N = 1 and several important examples for N = 2 and N = 4. In
particular, for N = 4 we give the character formulae for the three massless cases - chiral,
anti-chiral and mixed (the latter with three subcases), also for the graviton supemultiplet
and for the Konishi supemultiplet.
In the further development of this project we shall try to find more compact expressions
for presenting the characters which will enable us to treat explicitly more complicated
cases for arbitrary N .
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